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ABSTRACT 

The e l ec t romagne t i c  f ie ld  produced by a v e r t i c a l  osci l la t ing magne t ic  

dipole above a plane conducting e-ar th  is obtained i n  i n t eg ra l  f o r m .  An exac t  

. .  . , solution in c losed  f o r m  is obtained fo'r the  dipole and the point of observa t ion  
located on the  s u r f a c e  of the ea r th .  

rl. 

Work p e r f o r m e d  under  t he . ausp i ce s  of the  'U. S. Atomic Ene rgy -  C o m -  

m i s s  ion. 
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INTRODUCTION 

The p re sen t  work. invest igates  the c1ectron1agneti.c field produced by a 

ver t ica l  magnetic dipole above a plane 'conducting earth.  F o r  the c a s e  of 

espec ia l  in te res t ,  the dipole and the point .of observat ion located on the i n t e r -  
face between a i r  and ear th ,  the field components may  be obtained in exact 
closed f o r m  fo r  a l l  ranges  of the param.eters .  

The magnitudes of the p a r a m e t e r s  of i n t e r e s t  h e r e  a r e  specified a s  
.. fbllow s : 

4 Frequency:  z 10 cycles/second. 
Distance l r v m  dipole: i 4775 m e t e r s  (wavelength in a i r ) .  

- 2 Conductivity of ear th:  10 mho/meter  fo r  damp e a r t h  to  
mho/meter  fo r  d r y  ear th .  

CHOICE O F  COORDINATES 

~ n ' b s c i l l a t i n ~  ver t ica l  magnetic dipole of t ime  var ia t ion exp(-iwt) i s  

lbcated,  a t  a distance h, above a half-infinite conducting e a r t h  a s  shown in 
Fig: 1. Cylindrical  coordinates a r e  chosen with z directed upwards through 

the dipole, and the radius  p taken horizontally and in the plane of the sur face  
of the ear th .  The a i r  i s  charac te r ized  by the p a r a m e t e r s  e0, .po, and O1 = 0, 
while the e a r t h  i s  charac te r ized  by E,,.,, pol and O2 = O # 0 where rationalized , 
m k s  units a r e  assumed.  

DERIVATION O F  THE DIFFERENTIAL EQUATION 

Introducing the wave number ,  k ,  

and the in t r ins ic  admittance,  q ,  



1.' Air;  c n ,  pn, C J ~  = 0 

P 

Fig. 1. Choice of coordinates fo r  the magnetic dipole placed ? distance h 
above a plane conducting ear th.  

one ,may wri te  Maxwell 's equations in 'rational.izecl inks units a s  follows: 

When -combined with the I-Iertzian ~ e c t o r ' ~ o t e n t i a 1  . . 7 

Maxwell 's. equations'(3) yield the differential equation 
. . 

TKe source  cu r ren t  fo r  a magnetic dipole' may.  be specified a s  the cu r  - 
. .  . 

ren t  in  a c i rcu lar  loop where the radi.us goes to zexo a s  the cu r ren t  goes to  . 
. .  . infinity in such a way that the cu r ren t  t imes  the a r e a  of the loop remains  

finite and nonzero. Thus, 

.o . J = l i m  % 1 6 ( p  - a )  6 ( z  - h ) ,  - 2 Ta 1-m 



. . . . . . 
where  6 (p - a )  and 6 (z  - h) a r e  the Dirac , .  .. delta . functions, I i s  the cu r r en t ,  
m i s  the magnetic dipole moment ,  and e i s  a unit vector  in the + direction.  -+ 

Since there  i s  symmet ry  about the z ax is , '  we mAy at tempt  a solution 
using only the component of the Her tz .vec tor .  Noting that  nothing will be a 
function of the azimuthal  angle +, we have Eq. (5)  yielding 

This differential  Eq. (7 )  m a y  be simplified by letting 

Substituting Eqs. (8) and ( 6 )  into ,Eq. (7)  then yields the des i red  differential  
equation 

2 2 ,  I 
( V  + k ) Q = -  l i m  - ' 

2 ik  / ( a  - p )  6 ( z  - h) .  na I + m  
(9)  

where  A/(z - p ) i s  the unit s tep  function, ze.ro f o r  p 2 a .  

SOLUTlON 'r0 THE INHOMOGENEOUS EQUATION 

To solve Eq. (9) fo r  the inhomogeneous p a r t  we m a y  apply Green ' s  . . 

theorem to Q and @ in an  infinite space  where @ i s  .defined by 

We thus obtain 

where  and a@/an vanish on the sphe re  a t  infinity. 
Substituting Eqs. ( 9 ) ,  ( l o ) ,  and (1  1) into Eq. (12) then yields 

( I )  = l i m  I e - -  - dV. 
2 4n ik r a  . ~ + m  .Iz.: - . , z ' l  



, _: . . : .  ' , . . .  
. . 

Per fo rming  the z integration, we have 

where 

2 In the l imit  a s  a+O (such that as I--@, ma I - -m)  W L  have by the mean value 
theorem f o r  integrals 

wh'ere 
- 

2 2 2 
I = p 1  + (.a/2f -. a p t  cos (01 - +) + ( z f  - h) . 

. I n  the l imit  a s  a+O we can pe r fo rm the + integration to obtain 
. . 

ikR , 

where 

From ' E ~ s .  (18) and (8). the Hertz vector t h e n  becomes 

wher'e .the superscr ip t  ze ro  indicates that this i s  the solution .to the inhomoge - 
neous p a r t  of Eq. (7). 

SOLUTION O F  THE HOMOGENEOUS EQUATION 
1 iL Using:the Sommerfeld representation we get  the solution to the homo- 

geneous p a r t  of Eq. (7). E q  (8) ,  by differentiating Eq. (9) :  

1 A. Sommerfeld,  Ann. Physik 28, 665 -737 (1909). 



where 
2 2 

Y = ( A  - k ) ,  
'- such that 

. l i m  y + - ik .  
1-0 

INTEGRAL FORM O F  THE SOLUTION 

1 Using Sommerfeld ' s  in tegral  represen ta t ion  

where  

and introducing an  image function which i s  a solution to the homogeneous 

Eqo (9) ,  we have 

ik1R2 
e -Y 1 (z+h) 

= ~ g + e  J o ( ~ p ) h  d ~ ,  f o r  z 2 0 ,  (26) 
R2 

where 

the Hertz  vector  in a i r ,  according to Eqs. (20) and (21),  m a y  be wr i t ten  
in the f o r m  

i,-i for  z 2 0. In the conducting e a r t h  Eq. (21) yields 

fo r  z 5 0 and where  
2 2 1 / 2  Y ~ = ( X  - k 2 )  



APPLICATION O F  THE BOUNDARY CONDITIONS 

F r o m  Eq. (4) ,and  the assumption that only a Q component of the Hertz 
. vector  i s  needed, the field components ar,e given by 

F o r  the continuity of the magnetic field a c r o s s  the boundary between 
ea r th  and a i r  and the continuity of the horizontal  component of the e lec t r ic  

field a c r o s s  the boundary, Eq. (30) yields the b o u ~ l d a r ~  conditions : 

Substituting Eqs. (28) and (29) into Eqs. , (32)  then yields the requirements  on 

f l ( ? )  and f 2 ( X ) ,  

Solving Eqs. (33) yields 

Substituting Eqs. (34) into Eqs. (28) and (29) then yields the resul t  



where 

The problem has now been reduced to evaluating the integrals  ?.dl and 
u2 in Eqs. (36),  the Hertz vector and the field components being given by 
differentiation according to Eqs. (35) and (31). Both of the integrals  Q1 and 

. 'U2 may be obtained f r o m  a single m o r e  general  integral. F i r s t ,  we note 

that 

using Eqs. (25) and (30). We thus define the genera l  integral,  J ,  

and obtain 

where the subscripts  on the J ' s  denote differentiation. The problem has now 

been reduced to evaluating the genera l  integral J, Eq. (38). 

The evaluation of the integral J ,  Eq. (38), for  various ranges of the 
pertinent pa ramete r s  has  been t reated a t  some length in a previous work by 

2 BaEos and Wesley. Hei-e we will l imit  our  consideration to the case  of " :':' 
\ 

A. Bazos. and J. P. W e s l e y ,  "The Horizontal Elec t r ic  Dipole in a Con- 

ducting Half -Space, P a r t  11, " Scripps Institute of Oceanography, La Jolla, 

California, Monograph SIO 54 -3 1, 62 (1954). 
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both the source  and the observer  on the surface of the ear th,  h = 0, 

SPECIAL CASE z = 0, h = 0 

The integrals  m a y  be evaluated in closed f o r m  for  this special  c a s e  

where h and z a r e  both zero ,  no approximations being necessary.  The de-  

rivative of J, Eq. (38), with respec t  to  a may  be evaluated by f i r s t  letting 
L *. 0; thusi 

l im  J, = l i m  2 - l '  J ~ ( x ~ ) x  d i .  
a - 0  a + 0  aa 

Using the integral  representat ion,  Eq. (24), we then obtain for  the.  right -hand 

s ide of' Eq. (40), 

where  

Per forming the indicated differentiations in (41) and going to the l imit  

a s  a - 0 -  then yields the resu l t  

Usin,g the same  analysis  fo r  the derivative of J with respec t  to b, we get 

f r o m  Eqs. (39). the exact r e su l t , fo r  h = 0, z = 0, 

3 a resu l t  f i r s t  obtained by van d e r  Pol. The subscript  1 o r  2 on '?l has been 

B. van de r  Pol ,  Z. ~ o c h f r e ~ u e n z - ~ e c h n o l o ~ i e  . . 37, 152- 157 (193 1). - 



dropped in Eq. (44), since on the surface there is  no,rieed . . to differentiate be-  
tween medium 1 and medium 2, the value .a being the . same for  both media;-' 

FIELD COMPONENTS FOR h = 0, z = 0 

TO obtain the p component of the magnetic field, a s  given by the second 
of Eqs. (31), i t  i s  necessary  to differentiate Eqs. (39) again, with respect  to 
a o r  b before letting a o r  b + O .  Since even derivatives of J will vanish a s  
a o r  b 4 0 ,  the p component of the magnetic field i s  identically zero,  a r e  - 
sult which could have been anticipated f r o m  the symmetry.  

F r o m  Eqs. (35) and (44) the Hertz vector becomes 

Per forming the differentiations i n d i c a t e d  in the f i r ~ t  of Eqs. (15) yields 

where a s imi lar  expression holds for  -rr 
$2. 

It may  be noted that a s  k l  -k2, 

Eq. (46) reduces to the f ree-space  expression,  Eq. (20), 

a s  i t  should. 

\-' Substituting Eq. (46) into the f i r s t  and third of Eqs. (31) (the second 

being identically ze ro  for  h = 0, z = O), and performing the indicated differ- 

i .  
entiations, we obtain the exact expressions fo r  the field components fo r  h = 0, 
z = o ,  . 



where  i t  i sn ' t  necessa ry  to distinguish between mediums 1 and 2 on the in t e r -  

f a c e  because of the continuity of H and E z O 
FIELD COMPONENTS FOR k l  p <<' 1 

F o r  points of observation much l e s s  than a wavelength in a i r ,  the field 

.components for  the source  and the point of observation on the surface of the 
ea r th ,  a s  given by Eqs. (48), become 

FIELD COMPONENTS FOR k l p  < 1 k2p 1 << 1 

F o r  points of observation l e s s  than a 'wavelength in a i r  and a lso  l e s s  

than a wavelength in the conducting medium, we obtain the quas i -  s ta t ic  l imit ,  

f o r  source  and point of observation on the surface of the ear th.  



NUMERICAL WORK ' ,  _ .  .: . . 
" . , .;, .: . . , . .. . .  . 

F o r  numerical  work i t ' i s  of in te res t  to inve;tigate the ranges of the 
pa ramete r s  in some detail. F r o m  Eq. (1)  the wave number,  k,  may be 
written a s  

where 6 i s  the skin depth, 

and 

p = w c o / ( 5 .  

- 5 F o r  the conducting ea r th  we a r e  interested in the case  where (5 > 10 
4 - 12 mho/meter  and w  = 2" x 10 cycles p e r  second, Since co = .8.854 X 10 

farad/meter ,  we may  neglect p2 < 0.003 a s  compared with unity. Thus, f o r  

the present  case  of interest ,  Eqs. (1) and (51) y i e ld .  

It i s  convenient to introduce the numerical  distance x , ,  

and the rat io  

where 

4 - 5 - 2 for  w = 2 ~ r  X 10 cycles  p e r  second and 10 < (5 < '10 rnho/meter. 

It i s  now possible to separa te  the exact resul t ,  Eqs. (48),  into r ea l  and 
imaginary p a r t s  using Eqs. (54), ( 5 5 ) ,  and (56). Thus we obtain 



where 

2 2 F(x)  = 11 cos x - 2 s i n x ,  G(x) = n s i n x  t 2 cos x ,  

F o r  the case  of points of observation much l e s s  than a wavelength in a i r ,  

k P << 1, Eqs. (49) yield the s impler  expressions:  1 !.. > 



-5 -x 1" } = x . e ( A  cos x t B sin XI , h a R e - 6 H Z  
Z r  

(60) 
e - R e - E  
Or 

rn m U P  " 1% 3x-4[- 1 t e - X ( ~  cos x + D sin x)  I . 

where 

CONCLUSIONS 

A vert ical  oscillating magnetic dipole on the surface of an  infinite plane 

conducting e a r t h  yields an electro'magnntic field a t  the surface of the ear th  

given exactly by Eqs. (48) for  a l l  ranges of the pa ramete r s .  F o r  points of 

observation l e s s  than a wa;'61ength in the conducting ea r th  away f rom the - - 5 
source ,  k p < [k p[  << 1, .Eqs.  (50) show that the rnagnetic'field var ies  a s  p 

1. 2 - 2 and the e lec t r ic  field var ies  a s  p . F o r  distances f r o m  the source  g rea te r  

than a wavelength in the conducting ea r th  but l e s s  than a wavelength in a i r ,  
- m  k l p  << 1 < IkZPI , Eqs. (49) show that the magnetic field var ies  a s  p where 

-n 2 < m < 3, and the ele.ctric field a l so  va r i e s  a s  p where 2 < n < 3.  F o r  

distances g r e a t e r  than a wavelength in a i r ,  both the e lec t r ic  and magne,tic - 2 field components, Eqs'. (48), vary  a s  p . 
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