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I n t r o d u c t i o n
- fi m , 7 ‘ , e m

In t h e process of w o r k i n g t o w a r d an approximate s o l u t i o n of

t h e problem o f a n antenna c o n s i s t i n g o f a c o a x i a l l i n e w i t h t h e

o u t s i d e c y l i n d e r t e r m i n a t e d a n d t h e i n s i d e c y l i n d e r ex tend ing a

fi n i t e d i s tance f u r t h e r, i t was found t h a t t h e exac t s o l u t i o n o f

two o t h e r antenna problems c o u l d be o b t a i n e d which wou ld be use~

f u l f o r t h e approximate s o l u t i o n of t h e o r i g i n a l problemo The

two problems w h i c h a l l o w an exact s o l u t i o n a r e an antenna c o n s i s t ‑

i n g of a c o a x i a l l i n e w i t h t h e o u t s i d e c y l i n d e r terminated and

t h e i n s i d e c y l i n d e r ex tend ing to i n fi n i t y a n d an antenna c o n s i s t ‑

i n g o f a s i n g l e h a l f i n fi n i t e c y l i n d e r (see F i g . l ) o Inasmuch

The case o f a fi n i t e
i n s i d e  c y l i n d e r

C ) The case o f a s i n g l e h a l f
i n fi n i t e c y l i n d e r

The c a s e o f t h e i n fi n i t e
i n s i d e  c y l i n d e r

F i g . 10 The st ruc tures f o r t h e t h r e e problems considered.

as t h e t h r e e problems w h i c h r e s u l t e d appear to be of about equa l

value, t h e y a r e each presen ted o n a n e q u i v a l e n t and more o r l e s s

independent bas isa
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The case o f a n i n fi n i t e i n s i d e c y l i n d e r i s s t a t e d and so l ved

i n Chapter I , The nume r i c a l r e s u l t s a r e p r e sen t ed i n Chapter I v a

Ha r o l d Levine so l v e d t h i s prob lem simul taaeous ly a n d independent ly

of t e author; h i s r e s u l t s a r e p resen ted in "waveguide Handbook,"

(HeGraweEill C0,, New York, Ha Yo), E d i t e d by N, Earcuvitz, kc 208.

A . y e a r b e f o r e t h e p u b l i c a t i o n o f t h i s book E . Lev i ne sent t h e

au tho r a copy of h i s s o l u t i o n to t h e problem.which checked in

most p a r t i c u l a r s w i t h t h e s o l u t i o n t e e au t h o r had p r e v i o u s l y

foundo A s l i g h t s i m p l i fi c a t i o n i s ach i e ved b y s o l v i n g f o r EZ,

t h e z component o f t h e e l e c t r i c i n t e n s i t y ; r a t h e r t h a n H¢5 t h e g

component o f the magnet ic i n t e n s i t y, a s Levine dido Le v i n e ' s r e ‑

s u l t s con ta in an e r r o r where he f a i l e d t o e va l u a t e an i n t e g r a l

p repe r l y f o r a p a r t i c u l a r cho ice o f t h e parameter involveda The

au tho r made t h e i d e n t i c a l mistake u n t i l t h e computations d i sc losed

a n improper d i s c o n t i n u i t y (see p p , Zdafi 28b, 2 9 a h e Marcuvitz

in a l e t t e r to t h e au t h o r enc los ing numer ica l r e s u l t s on t h i s

problem i n d i c a t e d t h a t they 'were aware o f t h i s d i f fi c u l t y b u t had

n o t reso l ved i t , Apart f r om t h i s one e r r o r t h e numer i ca l v a l u e s

wh i c h can b e compared seem t o check t o t h r e e s i g n i fi c a n t fi g u r e s .

The case o f t h e s i n g l e h a l f i n fi n i t e c y l i n d e r i s s t a t e d and

so l ved in Chapter 11° 50 numer i ca l r e s u l t s were ob ta ined f o r t h i s

problemJ s i n c e t h e i d e a l i z e d problem presented does n o t c o r r e s ‑

pond t o any a c t u a l p h y s i c a l s i t u a t i o n . However» i t i s p o s s i b l e t o

i n t e r p r e t t h i s prob lem phy s i c a l l y i f ano the r parameter i s i n t r o ~

duced and t h e apgrop i a t e approximations a r e made. This was no t



no t done in t h e present thes is , s i n ce it wou ld have been a d i ‑

g ress i on f r om t h e p r ima r y ob j e c t o f fi n d i n g a s o l u t i o n f o r t h e

c a s e o f a fi n i t e i n s i d e c y l i n d e r .

The case o f a fi n i t e i n s i d e c y l i n d e r i s s t a t e& and so l ved

approx ima te l y in Chapter I l l a The techn ique o f o b t a i n i n g t h i s

approximate s o l u t i o n appears crude; however, it was checked

aga i ns t a n a n a l y t i c a l method wh ich a l l owed f o r a n i t e r a t i v e p r o ‑

cess f o r success i ve approximations. Since each i t e r a t i o n r e ‑

qu i r e d another i n t e g r a t i o n , i t was found t o be p r a c t i c a l o n l y t o

t h e fi r s t approx imat ion. The e s s e n t i a l d i f f e r e n c e between t he

a n a l y t i c a l type fi r s t approximation and t h a t a c t u a l l y used.wes

in t h e expression f o r 4/\_ which is defined on page 73, equat ion

(19.h), the a n a l y t i c a l type fi r s t approximation y i e l d i n g

'which flees n o t appear to 1e simple app rox i ‑

mat ion used . The numer i ca l r e s u l t s are presen ted in Chapter I V .



C h a p t e r  I

The ; a s e 9 i a n i L fi n i fi e i L e ’ d e c y I i n e e r

’ 1The problem o f fi n e i n ; . I e c y l i n £ e r J a y b e sfiafied and

s e l v e d e x a c t l y ; t h e r e f o r e a s r e i e r e u e e I s made i n t h i s chap te r To

t h e proElem o f t h e fi n i fi i n s i fi e c y l i n d e r , The r e s u l fi s o f t h i s

chapfier fiege h e r ' w i t h t h e ” 9 " L 1 C f “hap te r I I a l e used i x

9”n“fi+er I I I to o b t a i n app1eximafie s o l u t i o n s xor $116 6 ‘ 8 8 0; a

The numericel r e q u t s f e r The presenfi

1. Sta tement of The prob lem.

The electremeg n e t i c r a d i a t i o n f r o m t h e f o l l o w i n g coax ia l

sfi ruc tu re i s he %e s i t e The s t y u e t u r e i s fanned h f fiwa

c o a x i a l m e t a l l i c c y l i n d e r s of v a n i s h i n g Thickness, t h e i n s i d e

c y l i n d e r o f r a d i u s a ex tead ing f rom ~ 0 0 to + 0 0 a l o n g t h e z a x i s ,

and fihe o u t s i d e c y l i n d e r o f r a d i15 b ex*end ing f r o m ~ 0 0 to O.

S y l i n d r '
‘ , . . W . I.m. .‐ - +. ‘ ; 1A.. . r)a fl e e a g e a s I A i - C 9 A u 1 n : I g o u .

¥
m r

«n: q 4 ) , . . . : - ~ ' . m _ v _ 3 . , - ~ ° ‑P I g g a . : 1 ? e 1 I N T Z M l b e I n d w s e c y l l n q e r



A source waves is asswned to e x i s t between fine

c y l i n d em , 329m, 13:13- o om fi a l r e g i o n , f o r z .-‐9 ~00» The prob lem

then becomes one 0 ; . so lv ing: Eazcwell 's equsfisi 21s f o r vacuum ( o r a i r }

w i t h bouncimries of emi c o a l nae-333.1, 1.63., *sr'ith i u fi fl i fi e conduofiiviflisv.a

It w i l l be assumed. 45115.: +he T i n e "73311631021 f o r 8.1‘3. i518 fi e l d compo»

I)
2merits is imrmonic w i t h amular :reouvnoy w. I i : w i l l a l s o

Emma ”chm: C d < 7T0/(b « aa ) where c i s the. v e l o o i fi y or? l igh ' is ; s o

”that on l y t h e m or p r i n c i p a l mode is propagefeed in fine c o a x i a l
a

r eg i on? The fin: _ - . . . o f “the s o l u t i o n i n t h e c o a x i a l r e g i o n f o r.;

2 m ) use i s t han

\ ° P L ° i ~ -. ' _ ". "‘ J. " ' . ,r e am m w m s fl q , arm 2'? SL’oso a d s i n a l c a u e t h e v a r o n ; comyonenfis.

H ‘ “ _ * 0 ! . « , 7 » a t } ” ‘ 0 _ ‘ - u "r e m o l n z n g symbols a r e 33.14311ka as L o i n : , s ; A 9.3.6. 3 a r e as y e t

unsfiefiexmined constants; I: a my} 6 is t h e $330133. a t i o n consfian t

f o r - 1

e loofiz ‘ ic i n d u c t i v e ca;
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admi t t ance . I t i s obvious f r om t h e geometry and f r om t h e fo rm o f

t h e 5011131011 in t h e c o a x i a l r e g i o n f o r z ‐) « 0 0 t h a t t h e fi e l d s

must remain a x i a l l y symmetric everywhere. Under these cond i t i o n s

it can be shown fihai: Ezfemvell's equat ions reduce ’50 t h e f o l l ow i n g : “

o , ( L u )

92 1 323au+ 1: 3 = (195
322 (’ <§<032

W 2 ama 2+--2 31¢ =11:;7‐5 , (1.6)
62 £6

w i t h 31¢, HZ, H = O evenrwhere, sub jec t to t h e boundmy c o n d i ‑
€

I ”55.0113:

and

"’1”.‐ + i 50 = e (108)
( " 0 ” ?

f o r F 3 b3 zé 0 ; and ( 2 = 3., ~ 0 0 4 . 2 ( + 0 0 . I n ad c l i fi i o n i i :

w i l l be 1139633841; ”550 appE.:*%1e ra. : , :_ ie t icm eond i fi i o ” oufiside t h e c o »

a x ia} regicm,

Q9311 ,.-m-nna1n:-<‐ 5‘ 4‘0" + 2 “ ; Q Rpwfi t e cL i -O ”
u : 1 ; ” i v / v ; “ 2 . 1 J ' . . L ' 1 . u ; . _ ~ \ J . - L ~ : ‘ » ¢ U . L L .



:32 , E? , fig) 0CW (109)

as I}? = ~ 62+ 252 an) 0 0 . Once EZ has been found; equat ions (10;)

and (14,6) may b e used t o d e t em i n e Ti?e and. liq); a n d a l l o f t h e

characterist ics of t h e e lec t romagnet ic fi e l d may t h e n "be d e t e r »

mined.

2 9 De r i v a t i o n o f t h e i n t e g r a l equation.3
Consider t h e Green’s fi m e t i o n K ("$37) defined by

s

(v2 k2) (22,?!) = - 6‘ ( a t 32') (2.1)

where t h e d e l squared operator f o r t h e present case of a x i a l

symmetry is g iven in equat ion (Ligand 6‘ (“1? - ? ‘ ) is t h e usua l

D i rac d e l t a func t i on ; the boundary cond i t i on

Kfr,r ' )=0i ’orEea,‐oo<z<+oo; (202)

and t h e r a d i a t i o n c o n d i t i o n

I ‘9 00: (203)

-) . . . .. .( J and 6 * > a where r i s t h e p o o l t l o n vector 0 1 a n oose rve r and
a», . J, g . ._ _ a . . .X “ 1 5 t h e p o e l t l o n v e s t o r 0 1 a n e s c a l l a t l n g p e l n t source . Apply~
g . . v .9mg Green‘s second 1de11tltgr to t h e two f u n c t l o n s E2 “ ) and
K (“12,712‘ ), we ob t a i n

3 Ha Levine and J. Sohfsinger, Physa Elev. 73, 389(19248}, Ref . ( 2 ) ,
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“K (it?!) (5'2 +2:2) E; (‘3’) ~ 3262') (at? + 1:2) K (?,?r)}dz2
Volume

._)
07E (1") 3 K .9,] {K (33;?) m a i m ‐ _ EZ(3%) ($332)} d a ' . (24:)
a n ? 4911' ‘

Su r faces

Using; (10);) a n d (2.1) , t he volume i n t e g r a l o n t h e l e f t reduces

s imp ly to "EA-‘12). F o r t h e su r f a ce i n t e g r a l on t h e r i g h t t h e s u r ‑

f a ces a r e chosen asri‘ollows (see F i g . 3) : 81 is t he su r f ace of
t h e i n s i d e c y l i n d e r ; 8 2 i s t h e sur face i n t h e coax ia l r eg i on f o r

z * 3 ‐-oo; S3 i s t h e i n s i d e surface o f t h e ou ts ide c y l i n d e r ; SMi s

t h e ou t s i de su r f a ce of t h e ou t s i de cylinder; and SSis t h e r e ‑

mainder o f t h e sufface o f t h e sphere a t i n fi n i t y .

//// \ \ \/ \

Sg ’ ‘\ y’ \’ Sg_______ L \
I ‘ ‐ ‐ ‐ ‐ ‐ ‐ ‐ ‐ ‐ ‐ ‐‘ \' Rs 3 ‘l \32.._______3_____ f _%___ l

1‘- - - ----------------1
\ I)
\ . . . . . _ . _ _ _ _ _ _ _ _ _\ -- - - - - - - - - -' ’

I\\ V I
\ I
\ /\\ /

/\\ /
\ I

F i n 3 . R e i o n o f a p ' c l i c a t i c c o f Green‘s second i d e n t i gb .‑



6.

The b e h a v i o r o f 3 2 and K o n t h e s e s u r f a c e s i s a s f o l l o w s : a n 81,
5 Es=0
3 1 $

f r o m (193); on 82, E2. 3 0 f r o m (1.7) ; on Sit" EZ = 0 f r o m (107);

E2 = 0 f r o m (106) a n d K = 0 f rom (2.2};

. , as; 1614?“: ( ) 6?: 6114?? 1
836.0118 E m o c m f m m 19 5326.15 O C W

5’ 2’ a n ! 122:; ’ a n ? 1327;

f rom (263) Where k i s assumed t o have a n a f b i t r a r i l y smal l imagim

n a r y pa r t , k = ( 9 + iCX. Green ‘ s second i d e n t i t y (2.h) t h e n r e ‑

duces to

oneZm) . 3E (731Ez(?)= Jmm ? v , r ) m da’ ‐I K(?v,?)‐‐‐L‐3 d a ' . (2.5)
s ’7’ '. aft3 sh5

L e t

b + O
11> ( z ' ) %- bfig‐£712 (07 (246)e! b a 0

where (7' = b + 0 means t h a t t h e expression is evaluated on t h e

ou ts ide s u r f a c e o f t h e c y l i n d e r , and. F, = b = 0 means t h e e X r

p ress ion i s eva lua ted on t h e i n s i d e su r face o f t h e c y l i n d e r .

E q u a t i o n (2.5) t h e n becomes

1:12 ((0,2) =[ K(b,f,2':2) <2> ( 2 * ) dz? (2.?)
“ C O

where we n o t e t h a t



7|»

as a r e s u l t of t h e a x i a l symmetny. In o r d e r to o b t a i n t h e i n t e g r a l

e q u a t i o n t h e bounda ty c o n d i t i o n s o n E z ((7,2) a r e used, i . e . ,

aEa (b,z} i o r z > 0

G f o r z é O .

S i m i l a r l y - u s i n g d e fi n i t i o u (2.6), w e fi n d

¢ ( 2 ' ) f o r z '
Q (2*) =

O f o r z ?

It can a l s o be Shflflnh t h a t K (b, F, 2 ' , z) (b: (0: Z" Z!)‑

The i n t e g r a l equation,

00

EZ‘(b,z) =[ K (b, b, 2 - z ' ) :1) ( z ' ) (12 ' , (2.8)
~ 0 0

resembles t h e Wiener-Hopf type of homogeneous i n t e g r a l <~3queflx31<i5

wh ich can b e so lved b y t h e a p p l i c a t i o n o f a F o u r i e r t r a n s f o r m

method.6 I n p a r t i c u l a r t h e unknown funct ion, Q ( z ' ) , c a n b e f o u n d

f rom t h e s o l u t i o n o f (2.8) a n d s u b s t i t u t e d i n t o (297) t o y i e l d t h e

des i red fi e l d v a r i a b l e E z ((:,z).

h ,
See Appendix B

9 E 5 C e Titohmarsh, “ l n t r o o u o t i o n t o t h e Theory o f F o u r i e r I n t e ‑
g r a l s “ (Oxford U n i v e r s i t y Press; Iondon, 1937}, Chapter 1V3

V p . $39, R e f , (3)»

Levine a n d Schwinger; op . c i t , p, 393, R e f . ( 2 ) .
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3 » D e r i v a t i o n o f t h e t r a n s f o r m equation‘

The F o u r i e r t r ans fo rms o f Ex (b,z) and i ; ( z ) a r e d e fi n e d ,

as  fo l lows:

00 00

5 5 ; ) =J‘ Ez(b,z) euiéz dz =I Ez(b,z) emit’Z dz 3 (3,1)
« 0 0 - o

and

eniézdz . (3.2)M) = [mm‐mm = -f b _.___<_c_:.:2 6%
- 0 0 a 5~ 0 0 fab-no

M u l t i p l y i n g b o t h s ides o f equa t ion (2.8) b y 6‘49 Z a n d i n t e g r a t i n g

Vfl‘bh respect to z f r o m 2 2: «~00 to + 0 0 , a n d assuming f o r t h e moment

t h a t i t i s p o s s i b l e t o change t h e o r d e r o f i n t e g r a t i o n o n t h e

r i g h t , equat ion (2.8) becomes

I Ez(b,z) {SD-52 6.2. a

00 93 _

J‘ E{(b,b:z‐ z“ )em‘»"(zmz1”(1(2‐ 2 ' ) I ©(z’ )e‘lz'édz’ a (391;)
m m “ ‘ 9 0

S u b s t i t u t i n g t h e d e fi n i t i o n o f t h e t r a n s f o m s i n t o (3023,) t h e trans-6

fo rm equati o n is obtaineé,

7 Leon; c i t » , Rein ( 2 ‘ .



C532; 033(2 ) : } (03 : b : ; ) § ( é ) 3

or  mere ly

52(é)=/”V<é)@(é) (3,3)

' H<1)( )52(90):? ’é)=_.?,_l_I_C?_zo ( 5/ c) (3-1:)
E0(1)(Xa) (

whe re

Zo(>x(a<) = g{J0(Ya) N0(r€<) “’ N0(Xa) J0<X €<)} a (30143)

and Y = x/kZ-e L 2 a The phase o f t h e r a d i c a l i s chosen s o t h a t

f o r Q on t h e r e a l a x i s (1: cons idered rea l ) t h e phase is 0 f o r

H ; I < k : and gfor {CA } > k . According t o t h e c o n v o l u t i o n theorem,

t h e above a p p l i c a t i o n w i l l o n l y b e v a l i d i n t h e common r e g i o n o f

a n a l y t i o i t y o f t h e th ree t ransforms.

W enow v e r i f y t h a t such a r e g i o n e x i s t s . The Green 's rune‑
911111;:t i o n t r a n s f o r m i s a n a l y t i c in ' the s t r i p {1m L } 4 ( X Where

0 ( a In o r d e r to determine t h e region in w h i c h Q (2:) is defined;

s u b s t i t u t e t h e asymptot ic f o r m o f t h e in teg rand f o r 2 .« 9 «~00 i n t o

t h e d e fi n i t i o n , ( 3 . 2 ) . Us ing t h e assmned asymptot ic f o r m (199)

o f E2. o u t s i d e t h e c o a x i a l r e g i o n a n d n o t i n g t h a t 3 2 s 0 i n s i d e t h e

8 See Appendix Ba

9 Loco c i t .
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c o a x i a l r e g i o n , t h e i n t e g r a n d i s seen t o v a r y, p u t t i n g Z ? =

a+ 51?], as

mikz .
3 m em;LCZ ~e(°<+’?)z f e r z - ‘ i ‐ o o .
2.

Then

19? ( a ) ! - [ m (z)! W d z
” C O

is bounded f o r Im 27< ‐O<, s i n c e [(1) (2H remains fi n i t e over t h e

range o f i n t e g r a t i o n . Therefore g ( Q ) i s a n a l y t i c i n t h e upper

h a l f p l a n e , m 4’; > - °<. In o r d e r to determine t h e r e g i o n in

which g z ( L ) i s defined, s u b s t i t u t e t h e asymptotic form (1.9),

f o r z ‐=> + 0 0 , i n t o t h e d e fi n i t i o n , (3.1) . The in teg rand i s seen

to  va ry  as

“E- e~1;z~ ~(o(-y1)z f e r z - > + o o .

Then.

00

I52 w f it (10,2); 3*:de
0

is bounded f o r 1131 Q < o<, s i n c e :33; (13,2); remains fi n i t e over.
t h e range o f i n t e g r a t i o n except a t t h e o r i g i n where i t i s
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10' i n t e g r a b l e , Therefore 5:(;) i s a n a l y t i c i n t h e l o w e r h a l f

p l a n e Im Q < CK. These r e s u l t s a r e summarized in F i g . b. There‑

f o r e

C : ( a + i v ) r p l m m

@(L)

m e ) C :

\

V 525;)

F i g . h e Regions o f a n a l y t i e i t y o f t h e t rans fo rms .

t h e common r e g i o n o f a n a l y t i o i t y f o r which t h e t r a n s f o r m equa t i on

i s v a l i d i s t h e s t r i p [Im C I < o<.

ha Procedure of s o l u t i o n of t h e t r a n s f o r m equation11
The n e x t step i s t o w r i t e jfi4 Q ) a s a r a t i o o f two fune~

tions3

Ifi’l’(é)=1f(é)/MP(;); (LL91)

10 .C f . post? S e c t i o n 7 , p ;

Levine a n d Sebwinger, op . c i t . , p. 395; R e f . ( 2 ) ,
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where MWQ) i s a n a l y t i c and has me zeros i n t h e uppe r h a l f p l ane ,

3 1 C > meg, and M .(Q) i s e n a l y fi i c a n d has n o ze ros i n t h e l owe r

h a l f p lane, In: L 4 on The t r a n s f o rm equafi ion t h e n becomes

m a fi a ‐ c r a m ) é;<;>- ( M )

The l e f t s i d e i s ana l y t i c i n t h e upper h a l f plefne, and “the r i g h t

s i d e i s a n a l y t i c i n t h e l ewe r h a l f p l a n e . Since t h e hem s ides o f

'the equa t ion have a r e g i o n in C a r m e n (“the s t r i p 11:: g ; < o ( ) f o r

wh ich t h e y a r e s imu l taneous l y a n a l y t i c , t h e r i g h t s i d e must be t h e

a n a l y t i c con t inua t ion o f t h e l e f t s i de . Together ’chey represent

a i“une’{33‘.c:sn5 f( Q ), a n a l y t i c in t h e fi n i t e L p lane :

1357;) é‘Z (2; ) f e r I m :< «X

3‘? ( Q ) 2-... E i t h e r express ion fox-213114; < ( X o (34.3)

MK ;>§ ( ; >m rfin ;> - o<

if t h i s funct ion, f ( Q) , is a n a l y t i c f o r a l l p o i n t s 5.21 t h e fi n i t e é;

p l ane and , Lim if (Q): remains “bounded, t h e n a c co r d i n g to
é #900 '

L i euv i l ‘ i e ’s theorem,12 t h e f a n s - t i e } : must be iden l c i ca l l y 8 .con‐‑

seam? f ( L ) 5 e a Th is g i ves t h e r e s u l e s ;

§ @ } = c / f m } . ( m m

7?: a“so Ta Whifiteker and. G. 27: "sisal/1, “A Course of fiedem Anelysis’
{Am Eds, Eai'eemillen 00.: - - “fez-k, 19:358.); C h a p t e r V, Pa 105;,
13.1.5 3 "- r .‑see. (4 ) .
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5 2% ) c /ZI_( ; ) . (M5)

Then f rom (3.3)

GEL‐W5 > (hoe)gz(€8;) M+(;) '

Tak ing t h e i n ve r se transform,

oo
__3_ (‘0: : )eiCzEZ((7,Z)_27TJ‘ W d c .

~ 0 0

In o rde r to eva luate M7 2;) a n d M-( (2) , t h e genera l method

of proaedure is to app ly Cauchy's i n t e g r a l theorem. Consider

)1’( C ) .in t h e r e g i o n i n which t h e f u n c t i o n i s r e gu l a r. Apply

Cauchy’s i n t e g r a l fonnu la to l o g 9% 2,):

l o g 9e“; )- = 51%: fiw dt . (L97)

Since/‘3“ C) is r e g u l a r in t h e s t r i p 51m Q; <7“ o( and. has no zeres

. e .1. . F x . . . a . . , r ” .
3.11 t h i s S u m p , log, 2% L } 18 regu l a r 1n t n l s s t rap \mnere t h e

p r i n c i p a l v a l u e of t h e l o g a r i t l m is understood). Consider a

r e c t a n gu l a r con tou r confined. t o t } i s s t r i p w i t h ends displaced.
. . e . . T . . 2 2 ‘Ht o i n fi n i t y (see Fag . 5'0}. 4 : : t h l s s t r i p 0 £ 2a r g ‘ l : ... ‘ 5 é : ‐ g

. 2,



and 13 for th -:;» co, 97/95} ~ 17%;. The in teg ra rore. f o r §t§ ->, 00
in t h i s st r i p becomes

log .? { ( t ) A J . . logét i _%g 8
t u C t

(u + i v ) p lane
v

+k

T 1 1‘ ' '
GK 1*J/ ‘- .c.
. ¢ T‘ u‑

CX\Y E

i 0 :
~k

F i g . 5 . I n t e g r a t i o n contour for ifi+( t ) a n d l i ( Q )

Thus t h e c on t r i b u t i o n s f r om ' t L e ends become n e g l ig i b l ea Equa t i on

(b.7) t h e n becomes

1 m‐fil A l ’ m + fi
10g2< ; )= ‐ ‐ ‐T M a i - L ‐ M d ;27h t u é 2W1 t ‐ z;

-Co ‐ i€ : ~m+i€

I f t he fi r s t i n t e g r a l c o n t r ges ,

Qanywhere in t h e apper

g r a t i e n i s r e s tr i c t e d t o

l a r . T116 fi r s t i n t e g 3 1

a n a n a l y t i c f u n c t i o n f o r

s i n ce t h e i n t e »an 7 ; 7me ,, I m § > - e

1 t h e i n t e g r a n d i s reguv

L n e s a function3 l o g Eff § )3

13 See Appendix B.
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analyisie in t h e uppe r h a l f p lane , 1m C > ... O< (where it is p e r :

m i s s i b l e t o l e t ; ( X - ‘ 6 -=9 03., S i m i l a r l y “she second i n t e g r a l de?»

fi n e s a function, 10g Ei‐(Q), a na l y t i c in t h e lower h a l f p lane

I m Q < 0 ( . Tak ing a n t i ‐ l o g a r i t h m equa t i on (2401) i s ob ta ined.

I n @118 l i m i t a s ( X - 9 O , w e have

ii+<é>= 1 /1 : i ( é )=exp 2771 miEE-fléfldt . (LL69)
“ ' 0 0

5. F i r s t evaluationlho’°“‘( L
In t h i s and t h e nex t s e c t i o n two 63.p rees ions f o r ELI+(3,)

a r e der ived. The reason f o r ob t a i n i n g two expressions-which must

'be equivalen’c is mere ly to be a b l e to choose t h e more 'convenien’c:
expression f o r numer ica l computat ions. The f u nJ e w e l of i n fieg ra ‑

t i o n i n (24.9) i s broken u p a s f o l l o w s ;

r i d ing i n eeg r a lsCombining fihe i n t e g r a l s ' f o r 1'; < o w i l e } : t h e correee
3 . 0 ? “’5 > o and i n t r o e u o i rn f : {fine zeroper phases o f fi l e square r0013,

3/ kd- ”kg, +( Z; 3 ueoomes

oo' l e g ? '5} 3 0 3 1 b !
L " ( C } e e x ‘ A] "9’“£‘a':‘5" (1‘3“AJ‘ if: X? at ( 5 1 )771 i s - CR 771}: * ‘ c f ué "o ,

1}. “x» 3 ' " z a"‘.4 Levine and Sch’xmger, 0:3, c i t . :3. ”=30, 2-:ei ( a ) .
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Where ”(b/b) E314?) is g i v en by( B i g ano. 3‘3

9‘? ( iy 'b) 59/03

KoW'b)
KO(b/'a) {log/’13} fioiy'a) -‐ Io{y’a) Eda/'13)} (502')

where x’ = \/ t2- 1:2 . The combinat ion of t h e two in teg ra l s , f o r

t < -1c and t > k insu res t h e convergence of t h e r e s u l t i n g in teg ra l

f rom k t o 0 0 , t h e o r i g i n a l i n t e g r a l s b e i n g i n d i v i d u a l l y nenconven‑
gen t . When Q i s r e a l , t h e s i n g u l a r i n t e g r a l i n (3.1) may b e e v a l ‑

ua t e d a s t h e p r i n c i p a l v a l u e p lus 7 T i t imes t h e res idue o f t h e

in teg rand a t t h e po l e t = Q . The p l u s S ign is chosen s ince t h e

contour is indented below t h e r e a l a x i s . L e t x = Y f o r t h e fi r s t

i n t e g r a l , and x a : y ' f o r the second i n t e g r a l . Then f o r L ; r e a l

a n d 4 < k

ii. . 3

w wwme x p WEI-r2 flew“
o {23:‐ (k2"~22;)]\2/1<E~"2

+£€~er 2: l o g W(io:4} (5, )

7T0 [k-s‐( l r-Léfl/ ‘ f+x

where l 3 d e s i g n iees t h e p r i n eZeal va l ue . ' f ‘ f r i t i ng E’“( Q } i n p o l a r

f o rm f o r 1311 Q = E), 1C. £12, we ge t

1 ‐ :
“‘3 See Apnenclix B.
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'  ( 5 .h )

I rma)! =¢W<L>§

Jo(bx) _1 Jo(a:&)kx{tan"1-m - ' l ; a n ~W
' d.[X2 __(k2 _ (92)]1’k2-x2P I‘Xena ;

__ -1 _ 50(Xb) _ -1 _ Jo(, a.)a r g (W(¢)).;{m (Farm) t a n (.LNO(W>}

ké: x lo bx
+ W Pl [2:2 - (k2 - (22)] kZ-xz ax (5.5)

00 ¥ .

+ LI X 10g 7f(i ‘ox) dx .
7T 0 {x2 + (k2 - 733)] sz+ 2:2

Evaluating; (5.1L) a n d (5.5) f o r Y, = k, we get

lM+{k)} =
1%; ‐1( Jo(ox)) i: (J0(ax)>}

'  ‘  a n  “ N i b fl ‘ a fl ' fl a x
V l o g b723, exp Eli-WI - ‘ a ' . .0 5-75 (5.5)

o x \/ 18‐ x2
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6. Second evaluation:16 of 15"(4)

Consider t h e logar i thmic d e r i v a t i v e o f MWQ) as g i v e n

by (ll-3):

a 1 ° °1 m t )_ 5 + 3 ' ‐ ‐ ‐ - ‐ 0 g 9 l odLlog} ( C ) ZTTiLO (1;-g’)? dt ( 6 1 )

In order to avo id questions of convergence take t h e l i m i t s of

i n t e g r a t i o n a s - T t o +T, and l a t e r l e t T ‐ ) c o. The p a t h o f

in tegrat ion along t h e r e a l a x i s may be broken up as follows:
l e t G be a. p a t h f rom t = -T above t h e branch out to t = ~1:

and back to t a -T below t h e branch out ; a n d l e t E be a p a t h

f rom t = -T to t = ' 1 : helow t h e branch ou t and f r o m t = -k to

t = +T a long t h e r e a l a x i s (see F i g . 6 ) .

16 Levine and Schwinger, o n . c i t . , p. 396, Ref . ( 2 ) .
.L
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F i g . 6 . I n t eg r a t i o n contours f o r t h e second evaluat ion o f M417, ) .

Then we have

+T

-T P
1

I‘LJ‘ . (6.2)
[‘2' .

Consider the in tegra t ion over the contour 5'. Since 20(Yb) is
r e g u l a r in t h e reg ion of t h e branch out, we have, upon in t roduc ing

t h e proper phases of k2- t2 and combining the two i n t e g r a l s f o r

t he path above and below t h e out,

mow'b) .
i jdt . -- l_flog “ W ” 1 d“« 5 . 3 )
m (+5-92- zmk m o r e ) ( “ m gI? ”4 ~1(on'80
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The asymptot ic f o r m of t h e i n fi e g r a n d is

l o g ea/tZ-kz(b‐a
(61.14)

, e + c fi

1:211:20th var ies as g:- f o r t ‐) 0 0 ; t h e r e f o r e t h e i n t e g r a l d i v e r g e s

l oga r i t hm ica l l y f o r T -> m . In o rde r to i s o l a t e t h i s s i n g u l a r i t y,

add

__l o g e”2Vt2_k2(b~a) _ Mtg‐kg ( b ‐ a )

e + ¢ fi e+ofi
a quan t i t y w h i c h is zero, to t h e in tegrand , where we note t h a t

l e  l o g  ‐ -1c
(‘6 + mg 1 ‘40"

1‘ f a/tz‐ k3 (13-9.) at = i ( b ‐ a ) , 2T

«110‐1311;? 2 ‘2 m i n - { M17’ m 1” Q . (6.5)

L e t «

1 00 at '
F ( § ) = exp ZTTif g h . (6.6)

17 See Appendix B.
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Then t h e c o n t r i b u t i o n o v e r [1' becomes

. 2 2i l o g F(L)-l(b*a) 1+ 2 ' ; tan‘l‐k-Zé‑

i b ‐ a . 21‘+ TT’ T-Efgo l o g 3-; . (6.7)

In order to evaluate t h e i n t e g r a l ove r {2, we c lose t h e p a t h

w i t h c i r c u l a r a r c s a t i n fi n i t y and two paths p a s s i n g o n the two

s ides of a branch c u t taken a long t h e n e g a t i v e imaginary ax is

t h r u "the zeros Of Z0(Yb) = O occurring at t : -1"Xn2_k2
(see F i g . 6 ) . Since t h i s contour i n c l o s e s n o s i n g u l a r i t i e s , w e

" {va -I . (M)
ares b ranch ou t

have

F i r s t eva lua t ing t h e i n t e g r a l o v e r t h e a r e s f o r it! ‐9 oo in t h e

lower h a l f p lane where kg‐ t2. -=--) i t , we have18

N - i . e-Zfib‐ ). '31’ ( t ) 21;“ a I) .

I n t h e f o u r t h quadrant t h e i n t e g r a n d o f (6.1) t h e n becomes

l o g Ettab

(t - m2

1 8 L o c . c i t .
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w h i c h approaches z e r o i n s u c h a way t h a t t h e r e i s n o c o n t r i b u t i o n

f r o m t h e i n t e g r a l o v e r t h e a r e i n t h e f o u r t n q u a d r a n t . I n t h e

t h i r d quadrant t h e i n t e g r a n d o f (6,1) becomes

Then i n t h e l i m i t a s T ‐-=) so, t h e c o n t i b u t i o n o v e r t h e a r c s be»

comes

1 M T ) 2(b ) b-a -=a \2171 '6 (1'5 = “-5-“ . (599}

(‐15)

Second, We evaluate t h e i n t e g r a l o v e r t h e branch out . Since t h e

asymptot ic f e m of t h e r o o t s is {given by

1177’ , l «‘Yn-T b w a + U("fi"’i 3 (6.10)

t h e mmber o f roo ts i n t h e i n te r va l , 0 to -T on t h e imaginary a x i e

i s  g i v e n  b y

b ‐ a D- i ‘ a , M

11~ 77 XI; 2 ’IT 1’ =1

- , b ‘ a : . e . L b ~ awhere T S i g n fi e s t h e l a r g e s t i n t e g e r l e s s t h a n 7 T T e

., (1 ) 5 \ w 1 . - Zo(~Xb>The f u n c t i o n s no“ (Yo; / 33‘ f Ya } a n d
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a r e r e g u l a r in t h e r e g i o n o f t h e n e g a t i v e imag inary a x i s and

t h e r e f o r e d o n o t c o n t r i b u t e t o t h e i n t e g r a l . The rema in ing ins»

t e g r a l t o b e c a l c u l a t e d i s

213%. I l o g $165+ End/112 kZ-nu‐E‘W)( t - :)2 (6.11)
Branch cut

where the phase of (t + i\/ Ynga‐kz) must be chosen 2W degrees

g rea te r f o r t he i n t e g r a l eve r t h e l e f t s i d e o f t h e cu t a s compared

w i t h t h e integral ove r t h e r i g h t s i d e . Thus (6.11) becomes

~13?
N N

(1+; 1 1w = .. . (6.12)
\ 2 g4 , 11* .1/ 2_ L2

ZIH «i {:12me (t a L) 2:; (1,. + 1 Xn k

m
But s ince Lim ~1- ‐ lognfl = l o g 9 = e = 0.5772 where o is

111-900 11:1 n

Euler ’s censtanté,19 we have f r o m (6.12)

I N

0 u \ v ULim 1° _ ‘1(b a;+ l . +1313 a;
M 0 0 ( / 2 1T an §+iVYn2~k2 nTT

11:1

00
i b w a i ( ‘b - a) 1

= a TT ..., nTT + ‘ 2 k2
31:1 (4+ 3' ‘Xn . . ,

: L  b a a+ “LL’TTu-fll L im l o g M T Q. (6.13)
Tuioo

1 9 i ‘ fl l i t t a c k e r and E’Iatson, op . c i t . , p . 235, R e f . (LL).
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C o l l e e fi i n g r e s u l t s (6.13), (6 .9} , a n d (6.7) and combining them a c ‑

c o r d i n g t o (6.8) a n d (6.2) , w e ge t

:11 M _ __d_ __imam‐a.) ( b - aflsgd; l o g n ( C ) - dC l o g ETC) M T T l o g Z’TTi

(5am)_ moo-amt, tan‐1x/k2 12?”: 1(bf’fa)+ 1 I
W/k2_¢2 Iii-‘1‘; 1177' C+i1lxnzgk2

n = l

where t h e t w o d i v e r g i n g t e m s co n ven ien t l y cance l each othe 1 ' . I t

i s now necessary to i n t e g r a t e (6.1M in o r d e r to o b t a i n M'KC).
{ s i n g t h e r e l a t i o n s

oo
i ( ' b ‐ a ) 1exp + ( i f , =.‑

11:1

0 0 ' 007 r ‐ ‐ - ‐ ,2 u m ) :
cons t . l o g N (1X11) U_ Ila-i‐ = -ié‐ e . MT

n = l n: \{n2 Xn

and

-‐“SLI- t'anml WM d c : _ é+11r2‐¢2 55311‐1 .3322.+cons~t
Q2”: 2:2“ k + a 2 “‘ a 1:+ (4 ‘ ’

we  ob ta in
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‐‐ i(bma)éCD
7 2 .

Ei+((;)= mam /1-_,1<_._.1.,§2, e Mr
n=2}\ YDZ Yn

Xexp i b w a logman’i +1
’fT kp(b-‐a)

2103-61) f'z“"'”2" mix/Qe <22 E.3. 77’ k (v? t a n k+ 2; (691/)

where C i s a .oonsiéant o f i n t e g r a t i o n .

In o r de r to determine C, we no t e t h a t in t h e s t r i p , {1m L} < K,

(6,16)2774;)=M”(;)/M”(a)=Iu1+\<:)M+<-;),

u s i n g (24.9). As may be shown by an expans ion i n t o an i n fi n i t e p r o ‑

(1%th

_b fi ' Y2
n

babsti’cuising "the e x p l i c i t expressions of 24C, )3 u s i n g t h e ex»

pansion (6.17), and E n g ) in ‘co (6.15), t h e common fad‐301' (6.1?)

s a y be cancel led. f r om bohh s i d e s g How cons i de r (6.16) f o r

L ; we 00 in fihe s ‘cr ip a n d subs t i i su t ing in “the asymptot ic fo rms

of t he Hankel fimcfiions, we have

20 Ibido’ ppo 136“?) Re f . (2+).



26.

E Gab-awkz-E ._
‘\ b ""

2.:°L(b-~a)k W3422W 1_k.i..§_
02a“ 2‘24 him/“792‘

b

where F( L) and F(-= 8,) m) 19 Thus

;.
a 4: b 7c = (-17)»- /1og~-a- . (6.18)

Before w r i t i n g KIWI?) in i t s fi n a l f o rm it w i l l be found convenient“

to reexpress M; ). Let: x = X? in (6.6); t h e n

TrloCbx)
oo , -i1 kg;133:) ‘2 (b ‐a)xF = X . l -----‐--‐-‐‑
O KOCax) .‑

x t” x (6 19)
(X2+k2‐ L2)- (X2+ kZ-a {)2 )12/3: +k2

Lppn ex tend ing t h e range o f i n t eg ra t i onfihe fi f s t p a r t o f t h i s inte-v

g r a l becomes

1 CO K0(a:{) e_<-b__a\fl_ X "" (6 2
1r ' j “ - _........__2._.__._. o O

ZTTi I 100 KOUDX) (3:24- kg - C2) >

2.25.712 «Mb-a)
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where t h e i n t e g r a l is eva lua ted by c l o s i n g the contour of integration

in t h e lower ha l f1p lane. The second p a r t o f t h e i n t e g r a l 321116.19)

is reexpressed. by roy l eo i ng ‘03: by :«c a n d ex by 3 : . 15‘ inally, we ob ‑

t a i n

:r (1) ‘ \L. l) . ._ ‑
W 4 ) “ W2" out”) 5mm " ‘ (6.921}0 ’(Ya)

\TTIOUC) \ - 2X 5’“
U . ‘

00

’ l é . ‑e l o g 1 u , ,
KP 2W K0Zx) ) (x2+b2(k “ - 2)]*;X2+b21:2

' o

This r e s u l t c o fl fi have been ob ta ined d i r e c t l y by applying; t h e

genera l couch}; i n t e g r a l f o rmu l a method t o

/b l\ o * {1 ‘ } ! ‘ _. I‘D-9‘. E‐ 60( /(Yb) /1Zo‘ 'KYa")3 1x\ a} .

As a; oheokon this r e s u l t we note t h a t

.‘zs EL: --> 0 0 , 11mg? < o( t h i s becomes 1 as it should; and as

= /‘b . o .QC; ‐9 k t i n s becomes\ :9.‐ wh lon is cor rec t .
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"Wr i t ing KW 29) in p o l a r f o r m f o r 1m(2 = Q, ICE 1.: k , we 0 b ‑

‘aa in f r om (6.21), (6.18), a nd (6.13)

Inflafl = V :wiéfl ems) [‐ 5-9-2131) 2; . (6,222)

g; 00 K ( ) b“:+ m tan-.1 .L0 X\ 4 ma
ZTT i‘ WIOCXZ/ ([x2+ 702(112- CZ )} 3;2+ b2k2

ax
d3:

{Kg-F a2(k‘2 - (22)] Whiz‐9 a2k2> ]

and, l e t t i n g flag) = arg<[1i+(é)} :

J1(C (3-?)+§t{:6°277gkfi(b‐a) +14-2/1:Z-éz t a n ‘ l wk+‘:2-723}
J0(I‘b) -l _ J0{Ya)
NoQ/b) 3" 1%(Y a)

GO 2 2 \
C 7T 10 (K! 4y bx *‘4. u‐m‐Tr 10E 4_ ” T u ‐ a m e “ ‘

2 O . _ 32035;) [x2+b2(k2-Q2)]\/X2+b2k2

"‘ ax ) (3X 0 (6923)
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To evaluate (6.22) and (6,23) at {fl} = I: examine the integrél in (6.21)

and l e t 1g} ‐ - ) k , (16;: 5 k and. 2:, r e a l ) , B reak ing the: interval o f i n - ’

tegra'hion i n t o two p a r t s , fihe fi r s t f r o m O to (k2 ‐ C2)3/16 and t h e

second f rom (1:2 - 42)3/16 to C20 3 the in teg rand o f the fi r s t i n t e g r a l my

be s i m p l i fi e d by t h e approximation

WM '  :2 .
122+ 13sz ' [k1

a n d

I  ( X )
l o g 0 - :‘L 3‘23: 1‘- l o g ( - i ) a :- E 5K0(x) 2

and t h e in teg rand of t h e secondmay be s impl ified . by the approximatien

1. 2.1‑
x2+b2(k2- 52) X2

Where fihe l a r g e s t e r r o r is f o r x = (k2 a Q2)3/16, or

1 l._ 4 ‘b(1cz‐ 33);: n9 0
(18‐ L2)3/8[1+b2(k2- eff/81 ark 329/8 ‘

f o r Hg; . 3 , 3: , Thus we have



Lila 3:9
lei‐>1: Z77

(1g_g)3/16
= I i m ~§L -E- ‘ - ‐ - i J 3 K a x V d x
[igl‐ék ikl 2/ 2 o x2+bz(k24 <22) x2+a2(1c25-é;2)

2 (k2_C2)3/16 K03‘) x. bkz x2+a2k2 X

(6.23a

where f o r a 6‐9 ‐-k we replace +1: by ml: in t h e formulae Tak ing r e a l and

imaginary par-ts o f (602351) and s ub s t i t u t i n g the r e s u l fi s i n t o (6.22) and

(6023), we ob t a i n

IMWk)! = x/log ; explE‐ gifllf min: l o g 1:.

31. 00 ml KOO“) ‘0 _, a 92:»+ 277,] “ban {771060} (m;k b'z ,/X2+ 352;?) X] (5.21;
O



and

bWhen I : - > O the i n t e g r a l i n (6.238.) y i e l d s + l o g 3 b y t h e same p r o ‑.12..
Mk!

0 6 5 3 s o t h a t

Lim [19mm :2x/log .5
k-I-oo 9'

and Lim 610:) = 0 .
k ‐ ) o

7 . v e r i fi c a t i o n t h a t Nfi( 40 y i e l d s a so lu t i on .

It has a l ready been shown in t he previous work t h a t f ( 2 ; ) , d e ‑

fi n e d by ( L 3 ) , is a na l y t i c in the fi n i t e & p l ane . Therefore r( 2;.) is

an i n t e g r a l function, i . e . , i s ' exp ress ib l e as a power ser ies i n C-. I t

remains to be shown t h a t f(£’,) approaches a constant f o r [3'] -) co .

F i r s t , f o r M+(C.) cons ider t h e asymptot ic-behavior of t h e i n fi n i t e p r o ‑

duc t g i ven by
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Su b s t i t u t i n g i n t h e asymptot ic f o rm o f Y n and n e g l e c t i n g k/Ynfi
t h i s becomes

00

W 1_,i503“a)eicz(1bf7‘a)31:1 nTT

385.11g the Yfelrstrass definitional of t h e F f u n c t i o n and Sterling’s
asymptot ic fomulagz f o r F, t h e asymptot ic f o rm of t h e infinite
Product becomes

W e x p 1C(b" ‘Tra){10g ( 1 & 0 )TTa)) + c - ‐ l ‑

where c = l o g 5 is Eu l e r ’ s constant. Th is is v a l i d f o r the e n ‑

t i r e 2; p lane except t h e nega t i ve imaginary a x i s . We a l s o have

t h e r e l a t i o n s

fiafifartzl k2; é2 We l i e f = 2;; r 2 -a2 10g (,4. Mg r - “ 1-éz
‘ k

k+C

N ‐%-_=rZ?-= ( b ‐ a ) logggé for-g6 argvkgu‐éz 4%.

ajizen f r om (6.15) we get

I?(C)Nmi‐‐: f o r g a é - ‘ em , I m § > - 0 ( . (7 .1)
(mic)? '

21 11031., p. 236, Ref . (Lg)
22 Ibid», p. 253, Re f . (h ) .
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S i m i l a r l y w e may fi n d

w
Jn “ (¢ )~(1¢)é f o r gm ‐ ) oo, 13:11; < o<. (7.2)

Second, t h e asmnptotic b e h a v i o r of ($fo Q) is to be f o u n d by

-.n t h e neighborhood of (a = o a n d z :2 Q. In

t h i s r e v i o we may r e g a r d t h e dimensions as v e r y s m a l l compared

"71th a wavelength, so t h a t t h e s t a t i c approximation may be useda

S o l v i n g f o r t h e s t a t i c fi e l d n e a r t h e edge o f a charged p l a t e b y

us ing; t h e S c w a r t z - fl h r i s t o f f e l tznnsfomat ion, .x ' : 1.25m :1Z(‘b,z)
l. .

NIL/z“ f o r z.3‐9 0+ (i'a‘ho re 0+ means 3 approaching zero f r o m t h e
'33Positive s ide of t h e origin}.2" Using; d e fi n i fi o n (3.1) t h e trans»‑

f o r m becomes

52( ; )~1/< iz , )~ for.¢a ‐>w a I m a m » (7.3)

. Th i rd to o b t a i n t h e asympto t i c behav io r o f (17X 2,), c o n s i d e r

1/03,2 ) d e fi n e d b y

. = 13+ 0\p(b,z) = 10%(6 , z ) (a . (7.1;)
(a b- 0

Since E¢(€,z) is a. cont inuous fi m c t i o n of z f o r 6 =__b;*'_0, w

"there b e i n g no i n fi n i t e c u r r e n t d iscont inu i t ies , 1V(b,z) is a. con ‑
.t i n u o u s f u n c t i o n o f z a n d i s z e r o f o r z 9.- 0 . Then w(b,z) ~ 2 5

.. 4‘ _.. , m a,n t h (5' > O a n d z -9 U . r t r a n s i o r n ofL|/‘\o,2j,

9  2. . T » . 1 ; . , ; A . , ‑J w. j i g syn;one, ‘ c avncgrawmfiili
30 . , new York, in
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-:;<b,a> ~ 1/<‐i;)9+1 f o r H; ~‐> so, me > o . ( w )

The r e l a t i o n

- i k7 7 ‑W03: 3;) = W @(é)

(where 7? appearing here is t h e so ‐ce. l led i n fi r i n s i c admifitanee)

may bededuced f r o m equat ion (l..6).2h Thus

@(g)~(-i;)1“6i‘or EM‐ 9 0 0 , Im¢> o. (7.6)

Combining (7.1), ( 7 . 2 ) , (7.3), a n d (7.6), we o b t a i n t h e r e s u l t

f r o m (b,-3 )

N H L ) §(L) ~ (-i§)%'pfor Imt,‘ >O
33(4) = 4 3 ‘ (7 '7)

l f ( é ) 52(5; ) N oonst f o r I n ; < O

f o r f a ; n ) ( : 0 . Since (5’ i s g rea te r t h a n Zero, fi g ) can n o f ;

become i n fi n i t e i n t h e upper h a l f p l ane a s r a p i d l y a s (uiéfi.
Then fl é ) is a polynomia l o f degree l e s s fi l m 7%, L e ” a constant,

and {3 must equal 3%. Thus we have v e r i fi e d t h a t equefsions (hi1)

and. (14.5,) g i v i n g @(g) and 55(2) in “ toms of.3§“(a)) and I114)
a r e  p r o p e r.

2” Cf” posh, p. : 3 ) equat ion {8.1,
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8. I n t e g r a l expressions f o r H“ €3z)

A s w i l l b e s e e n i n s e c t i o n 9 , 30(6 , z ) i s more u s e f u l

T"or t h e eva lua t i on o f q u a n t i t i e s o f p h y s i c a l i n t e r e s t t h a n i s

22(6 ‘92); so t h a t i t is n o w necessary to fi n d HQ(€ , z ) in t e m s of

22((9 {,z). M u l t i p l y i n g ; equat ion (1.5) b y e”1‘22 and i n t e g r a t i n g

by par ts w i t h respect to z f r o m ~ 0 0 to + 0 0 , t h e l e f t s ide b e ‑

comes I,

i 5H ”FOO cs
e912?Z «a? - iQHG; + (k2 - $2) I 6442 H¢dz .

Z = - C O n o . )

11 ‘Zf where k is assumed toS ince asympto t i ca l l y HQ) v a r i e s as e

have a . smal l imaginary p a r t , o ( , t h e b r a c k e t t e d t e r m i s zero f o r

1111 2;] < O ( 0 D e fi n i n g t h e Fourier t r a n s f o r m liq) a s

oo

W¢(f:é)=f H(¢(9fl)ewit"z dz" ,

t h e r e l a t i o n between t h e transforms becomes

- 0’? \%( f ’w = 1 k ) ; 5553;} . (801)
2 3 - 2 }  a f

S u b s t i t u t i n g i n t h e express ion f o r 52((0, 4 ) g i ven b y (1116) and

t a k i n g t h e i nve rse t r ans fom,

0092(10:fi:é>
H¢(€;Z)= 4L)“mi-{3mm 61¢; a?“ (802)g m  f k a z  4 2  )
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Consider t h e f o l l o w i n g r e g i o n s ;

1. (o E b, z a O,

b , z & 0 ,

39. fi a n z é o ,
b, z e 0, (see F i g . 7 ) .andh. eéf

fi g . 7., Regions f o r wh i ch d i f f e r e n t expressions of HQ) a r e foundo

The f o l l o w i n g expressions f o r H¢((g , z ) a r e obta ined by choosing

t h e pamper f o r m of WU), € , Z?), depending on (9,, a n d wr i ‘ s ing

f a ? ) as7f(b,b, ; ) $372,) f o r z e 0:

f o r r e g i o n 1

co (1 ) ‘ 1 b .
Hr? 3% Eloy ’ZW )ema;2» < 8 3 )we HO (Ya)Yi‘f(z’)
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f o r r e g i o n 2

00 H \

iii-(:3 =_ 3k)? If 0(1)(Xb330’(‘{€) eiLZ dc ' (8.5,)

i “ “ mHem( y a w w m

where ZOWX 6) =~%= 3g? 23(XF) 3 (89%)

f o r r eg i on 3

1 °° ‘)Héiifiif K i w i ; “ a ; (8.5)
‘ ‘“ 1‐mxso<1)<ybmz<¢>

and f o r r e g i u n h

(P 21H zfi f fl flfl 3;) dL . (8.6)

rfuese expressions may be r ew r i t t e n by c l o s i n g t h e contour of

integra’cion, in t h e upper h a l f p lane f o r z > 0 and in t h e lower

h a l f p l ane f e r z < 0 ‘(see Figs. 8 ) , A f ue r some minipulai t ion, we

o b t a i n ;

f o r r e g i o n 3 .

_ 2.01% w 23(yb)zav( X€)ei&z
? ,3}, 2 dg ; (897)

W 4‘s 13:; V s ) : n e w )



f o r reg ion 2

caeikz .Hq) = 2 (10f + {expresszwn (8.7)} 3 (8.8)

f o r r e g i o n 3

0k)? "w{31(Ye)No(xb)-N1(X€)J0(Yb)}eit.z
13¢: TT I . (1?? ; (8.9)

-1: IHO(1)(yb)l2yM'(&)

and f o r r e g i o n ) 4

a ‐71 ‐ ‐ ‐ -+ attenuated terms (8.10)
H¢ 2 l o g a‐-WG-11)? { }

where

co ' an
Ireflc‘lsenuated terms} = W Z ML
1 TT hnlii~(‐1Kn)

1
X Lim w] , where hn : \/k§+ K112
f?‐>-iKn Zohfb)

a re t h e roo ts of Zo(hnb) = O .
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‐_“““§:\\\\\ Caplane

‘ \

. , +k é ~ f o r regions 1 and 2/ 89f‑.>=7

“ : 3, ‐k /

- f o r r e g i o n 3 - 9 ‘

€‐- f o r reg ion h

F i g . 8 . I n t e g r a t i o n contours f o r E®.

fiea re nOW' in a pos i t i o n to d i s c u s s t h e qualitative natu re of ou r
s o l u t i o n . I t i s immed ia te ly obvious t h a t t h e s o l u t i o n l acks c o n ‑

t i n u i t y between reg ions 1 and 2. Therefore o u r s o l u t i o n is n o t

p r o pe r. However b y add ing a s o l u t i o n o f t h e d i f f e r e n t i a l equa ‑

ZSEion s a t i s f y i n g t h e boundary o o n é i t i o n (1&8);

2 3 The d i f f e r e n t i a l equa t ion i n t h i s case i s
2

(<9 3663”5 “El“iiaizmaflwo
(see Appendix A) .
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”kchelz
_ 8 . 11

to regions 2 and b , c o n t i n u i t y i s es tab l i shed . The s o l u t i o n added

i s m e r e l y t h e o r i g i n a l s o u r c e t h a t was assumed t o e x i s t i n s i d e

t h e c o a x i a l reg ion f o r z ‐+ ~ 3 3 . Lev ine a n d Schwinger presented;
a method 26 which may be used to s imu l taneous l y o b t a i n t h e f o r m

o f t h e s o l u t i o n f o r z - + woo i n s i d e t h e c o a x i a l r e g i o n and t h e

asymptot ic f o r m of t h e s o l u t i o n o u t s i d e t h e c o a x i a l r eg i on . A l ‑

though t h e method is nea t a n d elegant , i t t e n d s to obscure t h e

f a c t t h a t a n i n c o r r e c t s o l u t i o n has been obta ined u n t i l t h e ex t ra

term (8.11) has been added. In conclusion, wemay use H¢as
given by (8.3) or (8.7) f o r b o t h reg ions 1 and 2; f o r reg ion 3 we

may use H¢as given by (8.3) , (8.5); or (8.9) ; and f o r r e g i o n M E

E¢ becomes

i k z ‐ i n z

“ 921 e, - Z + a t tenua ted te rms . (8.12)
2 6 Mac) l o g 3 - i fl - k )

3 . Phys ica l q u a n t i t i e s o f i n t e r e s t .

i t i s n o t p r a c t i c a l to desc r ibe t h e e lec t romagnet ic fi e l d

i n d e t a i l ; and s o o n l y t h e f e a t u r e s o f pr imary i n t e r e s t w i l l b e

considered. From.the r e fl e c t i o n c o e f fi c i e n t , 21, defined a s

s/a (from equa t ion (162)). i t i s p o s s i b l e to deduce t h e t o t a l power

26 Levine and Schu inger, o p . c i t . , p p . 386ml, Re f . (2 ) . By a n ‑
p l o y i n g t h e f u n c t i o n QC?) = Jl(k:esin 8 ’ ) e‐ikz COS 9; f o r
t h e present problem, t h e sane procedure may he u s e d to o b t a i n
s i m i l a r r e s u l t s .
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r a d i a t e d and t h e parameters f o r t h e equ i va l en t c i r c u i t of t h e Open

end. The g a i n fufic t i on , GL(9), d e fi ned as t h e r a t i o o f t h e t i m e

average power fl o w p e r u n i t s o l i d a n g l e a s a f u n c t i o n o f t h e ang l e

( f o r r we 00), o v e r t h e t o t a l power radiated; desc r i bes t h e con»

fi g u r a t i o n o f t h e r a d i a t i n g fi e l d ou t s i d e t h e c o a x i a l reg ion .

a. gagizalegt_ciggoit§7.
Cons ide r t h e coax i a l reg ion f o r z -9 a c n . From equa t i on (1,2)

and Ampere’s law, I = 277]?H¢, we o b t a i n t h e cur rent fl o w i n g on

t h e i n s i d e cy l i nde r

I = 27T(AeikZ+Be‘ikZ) . (9.1)

From equat ion (1.1) and the d e fi n i t i o n o f t h e po t e n t i a l between

- b

t h e i n s i d e and ootside cylinders; ‘V = J‘ filed.€, weob t a i n
a

V = 33-» l o g 39- (Aeikz - 13611”) . (9.2)
a.7?

It may be no t ed t h a t equat ions (9.1) and (9.2) correSpond in f o rm

to t h e expressions f o r t h e cu r ren t and v o l t a g e in a transmission

l i v e n Thus i t i s poss ib le t o construct an equ i va l en t c i r c u i t .

D e fi n i n g a phase f a c t o r ksl such t h a t

27 S t r a t t on , op. c i t . p p . 5&9‘53, Ref . ( 1 ) ,



we have

I _,gfiAelkz {1 _ :11} SZikCSFZ‘}

and

C o n s i d e r ’ l and ‘ V eva lua ted a t z = 31° Using 2 = 3 1 a s t h e end

o f o u r e q u i v a l e n t l i n e c i r c u i t , w e fi n d t h a t i t i s t e r m i n a t e d b y

Ra p u r e shunt conductance (see F i g . 9 ) ,

1-112,“ L e i l a ___.;__.1_l ,, ( M )
V

l o g éi- 1'*l31!

K

._
The e q u i v a l e n t c i r c u i t “

The t c fi a l fi ime average power raé:afied_is g i v e n by

~‘ I r 3 A A 23‘ 1Re I V ‘ =:Z;;¢_ 10g 4; 3‐ 3R3 . (9.53f )? a a ,



: 3 3 ; f r om (MS "TQ‐L} a: l/Effiic}, so theft.

{ M a y a \“2.‘ f } : H ‘E1 3: "' W o (907)
10g “g"

Taking; the abso l u t e va lue

:ma ‘2, .4 k

3313 = l b s (908)
1 . ......0g 8.

and

1:51 = a r g KKK} : 0/7100 . (9.9)

The fi c t a l { z i n e average power radiated, Rh, as g i v e n by (9.5)

my berewritten 'as fo l lows, u s i n g (8.12) f o r Aanti (.998) f o r

a
a

f13.L'1

.2 .» .»
~ 13‐32- 21- :R :3} ., (9,10)
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where gem i s JGhe ’eime average Poyn t i n g ' s v e c t o r a nd 3 i s t h e u n i t

vector normal t o t h e sphere o f rad ius r. Using t h e defin i t i o n , 3%,
= -%‐ Re {fi}and Maxwel l ’s second equat ion, 1:1,): - Wig/11:72, We
no4.11161.

91(9) = 1 Lim rR‘e {% (1%) 31:9} . (9911)

In t h e l i m i t as r a) co, assume HQ) has t h e asympto t ic f e m

_eikr
HQ) a H e ) a: . . (9912)

E'Qen s u b s t i t u t i n g i n t h e va l ue o f 131:1 g i v en b y (9.10),

91(9) m 2:31! 1,2117%?ng . (90.13)“ m m " M ” m “ ' m “ ; .

77772620” 131! >H ” .

Eex’c wecons ide r ewression (8.33) wh i ch is va l i d . anywhere ou t s i d e

ehe coax i a l r eg i on f o r <0 «9 no and ‘2! «my; 0 0 . I n fi r oduc i ng t h e

asymptofiie f o rm o f “the Hanke l f u n c t i o n a n d changing coo rd i na tes 120

r and 93 we have



M30

5- ‘30 'rx/ 2°- 23“ ‘ eos
en 2 5‘7?! Z°Wb>el k C m “ : ‘9)

2 - o o H9)”new;>03“: 429/1”
5.229

For n a»? 0 e , t h i s i n t e g r a l may be eva l u a t e d b y t h e method o f

s t a t i o n a r y phase.28 Expanding t h e exponent about t h e ze r o of

i t s fi r s t cierivative, wh i ch is at Q = 1: cos 9, t h e exponent be~

comes

21:3 sin2 e

2
i k r l - W +O{(Quk cos (9)3} .

E'he s l ow l y va r y i ng pa r t o f t h e i n t eg rand i s evaluated a t Z , a .
.‘5 cos 9. F o r t h e remaining exponent ial term, l e t

kXe ( émkcose ) ,/_.._.._£...._ .
Zkzsinge

oo 2 ”5.1T
fighting t h a t 63‐13: dx =VZ'7Te i , we ge t

‐ 0 0

H¢ 2 (1 ) . 3-‐ . (9.1M)
1‘

WHO (k a s i n e)1==;’1+(k cos 9) s i n «97

S u b s t i t u t i n g t h i s r e s u l t i n t o (9.13), w e get

2i31§202(k'b s i n «9)
91(8) = . (9.17)77'3(1~131§2)1EO(1)(k a. sin9)§211‘»£+(k cose)}2singe

9 . , e . ,”8 GaNaWatson} ”Treatlse on t h e i‘heoz’y of Bessel Functlonsg“
(Cambridge Press, na cm i nan 00. , new York, when p p . 229-»30;
Rafa (6)9



To check t h a t 91(9) is p r ope r l y normalized, we r e q u i r e t h a t

In, ‘
27Tf 91(9) s i n e de = 1 . (9.18)

0

Al though 91(9) becomes infin i te f o r e = O or 11’, t h e i n t e g r a l con ‑

verges. See Appendix C f o r t h e p r oo f that (9.18) ho lds .
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C h a p t e r  I I

The case o f a s i n g l e h a l f i n fi n i t e c y l i n d e r

The problem o f a s i n g l e h a l f i n fi n i t e c y l i n d e r may b e s t a t e d

and s o l v e d e x a c t l y, a l t h o u g h t h e prob lem d o e s n ‘ t p r o p e r l y fi t any

a c t u a l p h y s i c a l s i t u a t i o n a s may b e seen f r o m S e c t i o n 17. Th is

problem is t rea ted independently of t h e problem of a - fi n i t e i n e

s i d e c y l i n d e r, b u t t h e r e s u l t s o f t h i s chapter t o g e t h e r ' w i t h t h e

r e s u l t s of Chapter I a r e used in Chapter I I I to o b t a i n approximate

s o l u t i o n s f o r t h e case o f a fi n i t e i n s i d e c y l i n d e r s N o n u m e r i c a l

r e s u l t s a r e o b t a i n e d f o r t h e problem o f a s i n g l e h a l f i n fi n i t e

cy l inder, inasmuch as t h e d e s i r e d p h y s i c a l parameters a r e n o t

properly'deiined.
1. Statement of t h e problem.

The m e t a l l i c boundaries of t h e r e g i o n b e i n g considered

c o n s i s t o f a h a l f i n fi n i t e c i r c u l a r c y l i n d e r r a d i u s a and o f vanish~

i n g thickness, ex tend ing f r o m z -9 ~ 0 3 to z - O. Coordinates a r e

chosen a s i n d i c a t e d i n F i g . 10 .

F i g . 1 0 . ” h e h a l f i n : : n i e c i r c u l a r c y l i n d e r .



n».

A sou r ce i s assumed t o e x i s t o u t s i d e t h e c y l i n d e r o r 2 w e o n }

o f t h e f o rm

i k z
E = 34- Ae , (102,1)6 ’2 e »

i k z ‘
Hg) = A86 , (10,2)

and

F o r a vacuum (o r a i r ) , i d e a l m e t a l l i c boundaries, t ime harmonic

fi e l d components, and a x i a l symmetry, Maxwe l l ' s equat ions reduce

t o (10h), (1.5) and (1 .6 ) . The boundary c o n d i t i o n s i n t h i s case

E320 forfaa,z£0 (10.).0

(? +33%...) Hq): O f o r f =3a, 2 4 0 . (10-5)

The r a d i a t i o n cond i t i o n (199) ho l d s a l s o f o r t h e p resen t case. w e

unm ,
k (”gm 3 (11331113 10814 3 26m ) : “ ” ) (1006)

where uflm a re t h e r oo t s of Jfi(u) = Oor Jn'{u) = O; in o r d e r t h a t

no propaga t ion may occur i n s i d e the cylinder.1

1 Strat ton, op. c i t . , p p . 537‐9, Re f . ( 1 ) .



h? 0

119 D e r i v a t i o n o f t h e i n t e g r a l e q u a t i o n .

Consider t h e f r e e space Green ’s func t ion ,

11c%‘1?-?t] ‘-9 e i(Xx-'3‘ = - = - = ‐ - - . = - - ‐ ‐ 11.,1)’ ) hfl}?-?«}’ (

wh i ch s a t i s fi e s e q u a t i o n (2 .1) . App ly ing G r e e n ' s second i d e n t i tY

to EZG’) a n d G5??? ), we have

I {a ( m e nwznfimzm )~Ez(?' )( e244?)G(?’,?)}dz:
Volume

‐ec9E( r * ) “9 .9‐> - ) z - > a G ( r , r )
a - c _ . _ _ ~ _ m u u E 1 _ _ _ _ _ n _ _ ‘ d t o 1 1 , 2fGrm a n , m) a n , a < >

Surfaces

E t o n equat ions ( lab) and (2.1) t h e vo lume i n t e g r a l on t h e l e f t b e “

canes mere ly EZC?). F o r t h e s u r f a c e i n t e g r a l o n t h e r i g h t , ' w e ‘

Ereak up t h e su r faces as f o l l o w s : 31 i s t h e su r face i n s i d e the.
c y l i n d e r f o r z ‐9 "Go; 8 2 i s t h e i n s i d e s u r f a c e o f t h e c y l i n d e r ;

3 3 i s t h e o u t s i d e surface o f t h e c y l i n d e r ; a n d S B i s t h e remainder

c f t h e sur face o f t h e sphere a t i n fi n i t y (see F i g . 11)@
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F i g . 11. The r e g i o n f o r Green's second i d e n t i t y .

“fee behavior o f t h e i n teg rand on these su r f aces may be s p e c i fi e d as

fo l lows: on 81, E2 0 f rom (10.6); on 5'2 and S3, E5 =‘ 0 f r o m

(10.11,); and on Sh t h e in teg rand van i shes due to cond i t i ons (1.9)

and (11.3) and the assumption t h a t k = fl + i d w h e r e ( X i s an

a r b i t r a r i l y s m a l l poeitive q u a n t i t y . Equa t i on (1102) then r e ‑

fi n c e s  t o

EZ((ogz) sf G(a,<o,z‐ z?) $(a,z')dz? (115,3)

where

8E '583-0
M a m ) = ‐ a mi: ((2 n z r ) . (114;) .

a f f '=e:-»e



he“

Ayp l y i n g fihe boundary cond i t i o n s (10.MJ, we o b t a i n t h e in teg ra l

equat ion

00

Ez(a,z) = J‘ G(a,a,z-z*)¢(a,z3)dz' (119$)
woo

where

o f o r z 5 O
Ez(a,2‘) = Ez(a,z) f o r z > O

and

¢(a,z) f o r z 0
¢(aaz) ‘ .

‘ 0 f o r z = O

This resembles t h e Wienerbflopf type of i n t e g r a l equation, and may

be so l ved by a Fou r i e r t r ans fo rm method. The o b j e c t i s t o so l ve

(11.5) f o r t h e unknown funct ion, ¢(a,z*); and, hav ing f ound

¢(a,z?), t o s obe t i t u t e i t i n t o equa t i on (11.3) t o o b t a i n EZ(€ , 2 ) .

12. D e r i v a t i o n o f t h e t r a n s f o rm equa t i on .

The t rans fo rms o f EZCf , z ) and $(a,z) a r e d e fi n e d as

fol lows:

( I )

gape) =J Ez.(lo,z)ei“ dz (12.1)
“ ‘ 0 0



Sea

and

00

We, 29) 2f (I)(a,z) emitZ dz =I $(a,z) 1e”fLéZ dz . (12.2)
moo“ ” 0 3

E u l t i p l y i n g e q u a t i o n (1193) b y emigz, i n t e g r a t i n g f r o m z = woe t o

z‘= + 0 0 , and a s s m i n g t h a t i t i s poss ib le to change t h e o rde r o f

in tegrat ion,  we obta in

(D

j EA? , 2 ) e‐iLz dz
“ C 0

00 ‘ 0

_ c o ‘ " C O

S u b s t i t u t i n g t h e d e fi n i t i o n s o f t h e t ransforms i n t o (12.3), w e get

652%“ =é(a,(o,é) ¢(a :C) - (12.10

According to t h e convo lu t ion theorem, t h i s process is on l y va l id .

f o r t h e common domain o f a n a l y t i c i t y o f t h e t r a n s f o r m s , I n p a r ‑

ticulara w e a r e i n t e r e s t e d i n t h e t r e n e f o m equat ion f o r C = a w

Applying boundary c o n d i t i o n (10.10 to t h e defini t ion, (1291), we

o b t a i n

00

52(a,é) =J Ez(a, z) e_i‘f’z dz 0 (12.5)
0
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And a p p l y i n g t h e boundary condition, (10.10, to (12.10, we get

csze, c) =£<a,a, a) h a t e ) 3

or merely

53¢) = 1 “ ) i n ) . (12.6)

Equation (12.6) is to be so lved for t h e unknown f u n c t i o n @(t).
The solut ion, @(Z, ) , i s t hen subs t i t u ted i n t o (12.14) to g i v e

ng((o , b) from which Ez(€ , 2 ) may be obta ined by t a k i n g t h e i n ‑

verse t r a n s f o m .

In o r d e r to fi n d the region in which equat ion (12.6) is va l i d ,

wedetermine the regions in which t h e transfoms,é(fi ), MC ) ,

and 52(4) a r e defined . From Appendix D, we have

, /é((>:(<:¢) ‘?Ho(l)(yr>) J0(Xf<) (1237)

which is defined in t h e s t r i p [ m i l 4 0 ( 3 thereforefla) is
a n a l y t i c i n t h e s t r i p [Imc‘LI < c><- F o r §(z:,), w e s u b s t i t u t e t h e

asymptotic f o r m of ¢(a,z) f o r z - - ) -oo i n t o the in teg rand of. (12.2).

Since E z i s taken t o b e i d e n t i c a l l y zero f o r t h e i n i t i a l waves

t r a v e l i n g f r o m t h e l e f t , o n l y waves s c a t t e r e df r o m t h e end o f t h e

c y l i n d e r c o n t r i b u t e t o t h e E 2 component f o r z - ‐ ) - o o . The i n t e ‑

grand of (12.2) v a r i e s as

e‐ikz‐ibz f o r z -9 -oo



52.

Then

0

@(C)! 5I ,i¢(a,z)! enz dz
” C O

is bounded f o r Im a > - o<, s i n c e 3e{a,z)§ remains fi n i t e . There‑

f o r e @ (a ) i s a n a l y t i c i n t h e uppe r ha i l " plane, 1m6 ;> ~ 0 0 F e r

CZZ( (L), we consider t h e asymptot ic behav i o r of Ez(a,z) f o r

z ‐-> + 0 0 . The i n t e g r and o f (12.5) va r i e s a s

eikz'it’z f o r z - - ) +00

Then

w ‘
ICEAZJ] 5]. IEz(a,z)[ ehz dz

0

is bounded f o r 1mg» < c>(, s i n ce {Ez(a,z)§ remains fi n i t e except

f o r z = 0 where i t has a n i n t e g r a b l e s i n g u l a r i t y . There fo re

§Z(é) i s a n a l y t i c i n t h e l owe r h a l f p lane 1 m g < o<0 These

r e s u l t s a r e summarized in F i g . 12 .
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7 W6»)

from

V 52(5)

F i g . 12. Regions o f a n a l y t i o i t y o f t h e transforms.

I t has been shown t h a t a common r e g i o n o f a n a l y t i c i t y e x i s t s f o r

which equation (12.6) is va l id , 1 .9 . , t h e s t r i p , [ Inc l < o< .

I t may a l s o b e shown t h a t t h e t r a n s f o r m equat ion (12.LL) i s v a l i d

in t h e s t r i p [12116,] < o ( .

13. Method of s o l u t i o n of t he t r a n s f o m equat ion.

The procedure f o r s o l v i n g t h e t rans fo rm equation, (12.6),

i s i d e n t i c a l t o t h e prev ious case o f a n i n fi n i t e i n s i d e c y l i n d e r

g i ven in Sec t ion )4. Wew r i t e ,éfifp) as a r a t i o o f two func t ions

L+(Z,)/L"'(Z,) such t h a t L+(Z,) is analytic‘and has no zeros in the

upper h a l f p l a n e , 111184. > - o ( , and L _ ( & ) i s a n a l y t i c and has n o

zeros in t h e lower h a l f p lane, Im Z; < ( X . Then



Sh.

L“ ‘ ( ; ) mega) f o r I n g > ‐ (X

g(&,) E E i t h e r express ion f o r 1111112 < (X (1343)

w e ) 54%; ) f o r m i ; < o<

defines a . r a t i o n a l i n t e g r a l f u n c t i o n . Moreover, i f L im g(Z,)
- ) C D .

e x i s t s t h e n g ( & ) '=‘ C ; and3

h e ) = c / fl c ) .. (13.2)

1’0 fi n d 1 . “ ; ), we app l y Cauchy‘s i n t e g r a l formula,

log&(g)=-§%j§%fl d t , (13.3)

f o r t h e rec tangu la r pa th g i ven in Sec t i on h , F i g . 5 . To Show t h a t

t he c o n t r i b u t i o n o v e r t h e ends vanishes, cons i de r t h e asymptot ic

femLL of ,émt),
. 711ZJXi'T

e +1“ f 1.Zib’a c r y ‐ > 0 0 ( 3 h )

where y = «khan-2. Ont h e r i g h t y ~ it and on t h e l e f t

Y N ‐ i t f o r t - - ) 0 0 ; s o t h a t t h e i n t eg r and o f (13.3) va r i e s as

+2ta‐Lgi‑
"' + 1

l o g i Z t a ~ 1 2 f o r j t i + 0 0 ,
ta.

3 C f . pos t , S e c t i o n A , p p . 12-13.
A See Appendix D.
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III: t } < ( X . When 6 - > O , t h e c on t r i b u t i o n e v e r t h e ends o f

t h e rec tang le van i sh . The expression f o r L+( 2;) t h e n becomes

1 3 ¢ ) = l / L ‘ ( - a ) = 6XP

00 .

I M ) . at (13.5)
277i ‘1: -Z’,,.

« 0 0

prov ided, of course, t h e , i n t e g r a l convergesa There is an impor tant

d i f f e r e n c e between t h e present case and t h e prev ious one o f t h e

i n fi n i t e i n s i d e c y l i n d e r . F o r t h e prev ious Green ’s f u n c t i o n t r a n s ‑

form, 3411:) was fi n i t e . HereS

and we may deduce t h e f o l l o w i n g re la t i ons :

Lim L+(&) e x i s t s and equals L+(k) ;
82 " )+k

Lim L‐ 6 ; ) exists and equa ls L. -k ‑274-1: < < > ,

W k ) = l / L ' ek ) 3 (13.6)

2
a6V2kik+ 5,5

L+(<"4) ~ L “ ( ‐ k ) l o g f o r I; ._, 4: g (13.?)

mad

2
a(3\/2kik=- 52,;17(6; ) ,9, L+(k)/log f o r & ~+ +1: , (1348)

, o r L_(k) = G .

S Le e . c i t .
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1b,. Eva lua t i on o f L i l a ) by t h e second methoci

The fi r s t method used in t h e prev ious problem, Sec t i o n

5, docs n o t y i e l d adequate r e s u l t s f o r t h e present problem. The

procedure f o r t h e present case is i d e n t i c a l to t h e procedure in

Sec t i o n 8. Considering

a) ..9. - _ _l___ log/I705)a; l o g L ( a ) - 277,1! “Wag? «it ( l t d )
" C D

and b r e a k i n g u p t h e path o f i n t e g r a t i o n a s shorm- i n F i g . 6 , t h e

i n t e g r a l over 1‐3: reduces t o

t. . WW_ 1 J . l o g 1 + i fl m
ZTTi k dt 1L2

(t + Q )2 ( )

where X' =Vtg‐ 1:20 Since t h e integrénd va r i e s as

M N i f o r t ‐ fi m y
t2 ‘7

t h e i n t e g r a l d ive rges l o g a r i t hm i c a l l y f o r T - - = ) 0 0. I n o r d e r t o

i s o l a t e t h i s s i n g u l a r i t y add a q u a n t i t y w h i c h i s zero t o t h e i n t e ‑

grand,

T fi .~2M”~- -= 2 2 1T110% e ‘ 2 Zaa‘t "' k + 2
_ + 2 .

(t + £32 (1? + (“4)

From t h e r e s u l t g i ven b y (6.5) t h e i n t e g r a l o ve r I ; becomes
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00

~ 1 . J‘ 10g W ‐ i e‘gaxg dt ”3 ‐ . . ‑
2771 M a r ) (t+Z,)2 home )

V (14.5).

W m k+4 7*m k
In o r d e r to evaluate the i n t e g r a l o v e r I? c lose the pa th w i t h c i r ‑

e u l a r a r c s a t i n fi n i t y and l i n e s pass ing o n b o t h s i des o f a branch

ou t wh i ch is t a k e n along t h e nega t i v e imaginary a x i s through t h e

zeros of Jo(ab’n) = Oat tn ==w i m o Since {’4 is in t h e

upper h a l f p lane, t h i s contour inc loses n o s i n g u l a r i t i e s ; a nd w e

have r e l a t i o n (6 .8) . F o r t h e va lue o f t h e i n t e g r a l over t h e arcs

cons i de r t h e asympto t ic f o rm of t h e i n t e g r and . In t h e lower h a l f

plane f o r I t ] ‐9 oo, kZ‐tz -) i t ; so t h a t from (13.11,) we have

~2at~7‐72:L~
/é(t)fi-’e + 1 f o r I t f ‐ e o o , I m t < o<.

Ba t

S ince on l y t h e r e a l p a r t of t need be considered, it can be seen .

that the re w i l l o n l y b e a c o n t r i b u t i o n o v e r t h e a r c i n t h e t h i r d

quadrant . In t h e l i m i t as T - - ) oo

(1 I log/é(t) at =”LI
2771 (t __a) )2 277’: E

ares

The i n t e g r a l ove r t h e branch out is eva luated in'an i d e n t i c a l

manner to t h e previous c a s e shown in Sec t i on 6. I i e r e t h e asymptotic
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f o rm of ”she r oo t s of Jo(a\{n) = Oa r e g i v e n by

f a :
AT)

(111T "I? (1)+ Oa

The i n t e g r a l o v e r t h e b ranch c u t i s found. ”to y i e l d

00 .
ia 19. 1 ' ia a.

- ‐ ~ - -‐‐- + - - ‐ - - ‐ - - ‐ - = - - + - = : L im log; « ‐ T (111(5)77‘ E 1177' bull '2_k“2 W M “ , TT p

where l o g @ = 0,5772 " ° 3 i s E u l e r ’ s constanta C o l l e c t i n g r e ‑

s u l t s (114.3), (v4.14), a n d (1&5) and combining them according to

(6.2’) and (6.8) , we ob t a i n

(1 d. l .5-5 108L+(39) = E 1 0 8 P ( é ) ‘ m (1h.6)

32' 1 “2771-25.45 -l ._1__.+1T ogkafi Y an 15+;

00
:13. 1+ E 7T + .

. I } .11:1 3” ix/Ynz‐k3

where

00
fl 1 ‘ IOCaYQ . «ZaX? d’ci(;)=eXP Zfiij‘ 106 ”Em-l e %+@ (1)4.7)

1C

i n t e g r a t i n g (1&6) a n d fi a k i n g t h e a n t i l o g a r i t m , w e get;
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8 (114.8)

“ L E1 3 . ten"1 -----YTT . ice-Q

where C i s a constant o f i n t e g r a t i o n . I n o r d e r t o determine C , i t

may b e n o t e d t h a t i n t h e s t r i p {Iméf < o <

/&(é)= m a ) L-‐+< a) w e )

f rom (13.5). S u b s t i t u t i n g t h e e x p l i c i t express ions i n t o (1&9),

we get

% J0(Xa) 310(1)(Xa)_mfl1‐‐ki~':291a?f. (Ill-.10)
(k2- : 2 ) : n 1

But f r o m t h e expans ion of Jo<X a) as an i n fi n i t e product,6

0° 2

Jowa) =W 1-m31-5
11:1 - YE

Equa t ion (1)4.10) t h e n reduces to

fl iH (1)”,8') C.2manage
2 O

( k 2 Cfi)
Cons ide r ing t h i s equa t i on f o r i&} -‐9 oofi Hméi < ( x ,

5 Watson, o p . c i t . , p. L198, Refa (6)
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575-15) % (1h.11)

since P(Z,) and P(-é;) ‐ ) 1 f o r Re E ; - ) 0 0 . Wemay r ew r i t e 13(4)

by changing the va r i ab l e o f in tegra t ion , x a a ) “ ; so t h a t

P(C) =exP 271m] l o g {(13%) -1) {22:}
O

xdxX(- [2:1525 [x2+a2(k2-¢2)].(1h.12)

I f the fi r s t i n t e g r a l in (lh.12) is eva lua ted by extending the range

o f i n t e g r a t i o n and c los ing i n t h e lower h a l f plane,

. . . ' +171 %
P m ) {4/1131Ho(1)(ax)e W T) (lb-13)

a ° ° I ( x ) _Xexp - 5%: l o g {(WKZQC) - § 3 2x],
0

xdx

Xx/x24- P132 [x2+ a2(k2- (3,2)]

Wr i t i n g L"‘(C,) i n p o l a r form, subs t i t u t i n g (1)4.12), (1)4.11) i n t o
(1h.8), we ge t
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+ '_ WJogh’a) i‐ _ 5 . ;
IL ( CH ‐ (2a(k+ é) EXP .3... ( l ib ih )

-$fwtan-1{KO(X) } (1_ {1a ) xdx .
277 O Tflobc) ‘m [X2+a2(k2, CZN

And, l e t t i n g 83( C ) = a r g {LWZJ} 9

“ I . :2». MT 28/ '‐=182(é)-8 +Tfa(l°gkap+l>+mf?ntan &

00+ 2'. a - sin‘l-m-ém‐ - .M (W W) ”1‘ 15)

oo
1 7710(x) 2 -2 “nu-£3 3:61}: I

. 1 q . . . l l + m e X 1 " I ‘

277 JA og{ K0(X) ) ( x/xz-r- 133.2) [x2+ 8.20:2 - ézfl

Evaluat ing (lholh) and (11,515) at Z, a k3 Wehave

~1‐ so

+’ = .12; 7’” _,a; _ ”L a -1 1:0(x)1L (1:)! (him) eXp 2 271’! t n {WM10(X)]

a n d



Using (1h.13) i ns t ead of (1&012), we ob ta i n

, 2 1/8 ‘|L+(€,)} 'llfffifjfifi' «J? J0(Xa)IH°(1)(Xa)] (1h.18) ?

(X )

_ .a_{._ 2.4. -1 K000 xdx ,X‘W’ J 2 +zTT J: tan {mom} [x2+ a2(k2_ 4 m m

C 277 VP‐ 2 .. ‘63.. §$2(£)-Efiéogpka+9 +2a_?T_§_{han1___zz_-g} J

J-3
J ( fa ) 00 i i+ l ‘ h ‘ 1 - 0 EE‐ 'n ‘1 ‐ ‐&- ‐ ‐ ‑2' an (No(ya)>+nilJ:nTT $1 J/Ynz_xz>:J J

J

a, 2 1*+a. J 10% /1+(mom) 6.2x xdx j
Ko(x) [353+ 3,2052 .. flux/3+ Pa? J

0

which may be used f o r [C] 71k: .
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15. Ve r i fi c a t i o n t h a t L+( 5,) y i e l d s a so lu t ion .

It is now necessary to show thatz'Lim g ( & ) ex i s t s . For
- - ) c o

t h i s purpose we fi r s t cons ider t h e asymptot ic behavior? of L+( &)

f o r It»! - - ) 0 0 , I n C , > 00 Breaking up t h e p a t h o f i n t e g r a t i o n o f

(13.5) i n t o two i n t e g r a l s f o r It! < k and two i n t e g r a l s f o r I t ] > k ,

and combining, we have

108 {17215; Jo“.X)Ho(1)(a X)} dtk
K.L+(Zp)=exp . ,fill tZ-Cz

(X)+7 “ I 1oe{Io(a2r mow >} at (15.1)
k ,cz_&2

where x - x/kz-tz and 3” =x/tz- 18*, L e t x =-a I in the fi r s t i n ‑

t e g r a l . Then f o r [C I - > oo, m i sc ,

d - h N
i“ l o g {1-7; Jo<ax)Ho(1>(ax)}
o t2__¢2

= 0(1/42) - (1542)
1 ak x l o g {lé-i‐ Jo(x)Ho(x)} ax

Fo r the second i n t e g r a l i n (15.1), we note t h a t t he majo r c o n t r i b u ‑

t i o n to t h e i n t e g r a l w i l l be f o r t n e a r é, . The asymptot ic form of

. _ a ‘

7Levine and Schwinger, cpol'cit” p. hoe, Re f . (2)..
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the in teg rand i s log> {33:}flt2 ‐ - QZL, Removing t h i s v a r i a t i o n f r om
a,

t h e in teg rand ; we have

1fwlog {10(a.x*>ito(avr*)} at . row).at (15 3)
g)

t “ ‑k C k

00
108(2a‘610(a X? )Ko(a Y ” )+ Q 2 dt 0

1:

F o r t h e fi r s t i n t e g r a l o n t h e r i g h t o f (1593), l e t v = 2‘ t / i é .

Then f o r M2! -«-> so, I m £ , > 0 ,

10 00 0010 3'.1‘thg2 a t ) 1 I d vl f gv10% + mm. (337‘
-i1C 2 1C 2

k 0 o
~21a¢ 1W

/}‘T

= _.21 ! ; log(~21aC) 0(m> (15.1%)

F o r t h e second i n t e g r a l o n t h e r i g h t o f (1533), l e t X . ‑

J‘oolog(2at 10(3.7f? Hide)“ )) dt
2 _ 2

k C

00I X log<2vxz+ 1:232 IO(X)KQ(X)) dx
(x2+ 1:25.2- a2(22)\/X2 + Pczaz

0 0 d } : 1€- oonst J m a O(“a“) ' (15.75)
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Collecting r e s u l t s (15.32), (1501;), and (1595) a n d s u b s t i t u t i n g

them in (1501), we o b t a i n

L+( f ; ) ~(‐ ié)‘% f o r le i -‐-=> on, 11m ($7 0 ,

Similarly wemay o b t a i n

v i e ) N (i ;)% f o r it?! are) 0 0 , 1111 c 4 o a

F o r t h e asymptotic b e h a v i o r of §( C) and 52(a3 8,) we use t h e r e ‑

s u l t s obta ined in S e c t i o n 7, s i n c e t h e b e h a v i o r o f (Mag) a n d

Ez(a,z) n e a r 2 = O is t h e same f o r t h i s case as t h e prev ious onea

Thus

@(4) ~(aié)% f o r 1 ; ] e 00, m ¢ > o

and

£Z<a>,~1/<ia)% fOI‘IéI-eoo , I m C < O ,

S u b s t i t u t i n g these r e s u l t s i n t o t h e d e fi n i t i o n o f g ( 6;) g i v e n b y

(1301), w e see t h a t Lim g ( ( ; ) = oonst. W e a r e t h e r e f o r e j u s t i ‑
i; “>00

fi e d in w r i t i n g equa t ion (13.2)

1 6 . I n t e g r a l expressions f o r EMF ,2 ) .

As in t h e prev ious problem, H4) is t h e fi e l d component of

g rea te r i n t e r e s t t h a n EZO From equat ions (8,1) ; (1261;), a n d (13.2)

and t a k i n g t h e i n v e r s e transform, we get
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m 0
HQ) = _, Q3577]. 9fi(a, p; C) eléz (1603.). d 6;2W1 9‘6 y a ; Mg... 522)

‐ 0 0

Consider t h e f o u r f o l l ow i n g reg ions :

1. z > O , (a > a 3

30 2!< O ’ €> a. 3

and h . z<0 , ( :<a . S e e F i g . 1 3 .

I
30 I lo

I_‐4' , . _ . _ . _ _ I _ _ _ _ _ _ _ ___
I2a ha I 2"

_ § _ _ _ _ . JI _

Z = O

Figa 13:. Regions f o r t h e expressions of E14).

S u b s t i t u t i n g i n t h e p rope r f o rm ofzfla, 6 , (“4) f o r 6 grea te r than

or l e s s khan a, and u s i n g L+(<';) f o r z > O, andéflg) L " ( & ) f o r
z < 0, equation (16.1) g ives f o r r eg i on 1

_ c k ) ; mJo(Ya)H1(1)(Yp)einz31¢ ‐ h‘ _, V L+(i;) Y‘ <16; 3 (16.2)

f o r r e g i o n 2

0 0 l ) r i éz_ c k ) ; J1<w>Ho< «weHQ)- h‘ j‘ L+(C7)N ( i t / a ; (15.3)
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f o r r eg i on 3

0° (1) iéz '39*) =51%! “LIEWLLQLM (1Q3 (16.10

~ 0 0 HO” (XML‘KC W

and f o r r e g i o n X L

00
= ck 51(X’fi )eiézHQ) 2 if J¢({a)L‘“(&)‘( d g a. (1605)

= 0 0

These i n t e g r a l s may be reexpressed by c l o s i n g t h e p a t h of i n t e g r a ‑

t i o n , i n t h e upper h a l f p lane f o r z > O and i n t h e l owe r h a l f p lane

f o r z < O, as shown in Figo 8. A f t e r some manipulation, Weobta in

f o r r e g io n 1

mil-ff: Gk 0010(3. ?)I1( 9 ) ’§HQV“ -24.] 6 : 1 d e ; (16.6)

k
2L+(k)€ ' L+(&.)Y '

f o r r e g i o n 2

ck w romanwwwem 'HQ) : _ “L 6 . 4 ; (16.7)
2 k L~<¢>Y

f o r r e g i o n 3

a g o X g \ I Y I g E-( g i éz
Hezgg’I-gj { 1 ” F) 0” a” 1% (DVD X aflfe c189: (16.8)2:0” Ya)\{KO(X ' a ) +i7TIO()/*a)}ff’(é ) Y
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and f o r r e g i o n h

00 6K2 + .T
Ck)? EM I im M (1509)

XnL~(‘“iKn) f?=:=>-:iKn JoQ’ a)314):

where Kn =2 k2= an a r e t h e r o o t s of J0(a){n) = 0. NOW t h e nature

of t h e so l u t i on may be examinedo Here as in t he prev ious case, t h e

s o l u t i o n obta ined is incomplete due to t h e l a c k of c o n t i n u i t y b e ‑

tween reg i ons 1 and 2., To ob t a i n c o n t i n u i t y i t i s necessary t o add

a s o l u t i o n o f t h e homogeneous d i f f e r e n t i a l equat ion (Appendix A ,

equation ( A . l l ) ) s a t i s f y i n g t he boundar'y'condition, (103)., In p a r ‑

t i c u l a r

c eikz2L+(k)€ (16.10)

must be added to reg ions 1 and 30 This may be seen to be t h e incom ‑

i n g fi e l d which was assumed or ig ina l1yo Summarizing r esu l t s : i n

reg ions 1 and 2, liq) is g iven by (1603)..) (1697), or

i k z 'fl + {either (16.2) or (18.6)}; (16.11)

i n r e g i o n 3 , HQ) i s g i v e n b y

c eikz
2L+(k)(2 + {either (16011) or (1698)} 3 (16,12)

and i n r e g i o n L L 1T” i s g i v e n b y (1605) o r (1609) a5 *4?
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1?. Phys i ca l q u a n t i t i e s o f in te res ta

A l t hough an exact s o l u t i o n to t h e p rob lem presen ted has

been found, t h e p rob lem i t s e l f corresponds to no a c t u a l p h y s i c a l

s i tuat iono I t is n o t p o s s i b l e to se t up a wave of t he form g i v en

by (1001) and (1092); s i n c e such a wave wou ld be t r a n sm i t t i n g in~

fi n i t e energy a l o ng t h e cy l indera Thus

em, easy-rimmmdfaeoo. (17.1)

The s i t u a t i o n corresponds to t h a t of a p lane wave. The phys ica l

q u a n t i t i e s wh ich happen t o remain fi n i t e a re the cur rent o n the

c y l i n d e r and t h e t o t a l energy s ca t t e r e d back i n t h e nega t i v e 2

d i r e c t i o n . I n o r de r t o t r ans f o rm t h e prob lem i n t o a d i f f e r e n t

problem wh ich may be of g rea te r phys i ca l interest, i t is necessary

to in t roduce a parameter such as t h e vo l t a ge on t h e c y l i n d e r or a

d is tance L which'would rep l ace t he i n fi n i t e upper l i m i t in (17.1)»

S ince t h e cons ide ra t i on o f t h i s p rob lem does n o t l e a d to add i t i o na l

i n f o rma t i o n w i t h r ega r d t o t h e coax i a l structure} i t ' W i l l n o t be

considered in t h e present worka
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Chapter I I I

The case o f a fi n i t e i n s i d e c y l i n d e r

The r e s u l t s o f t h e p rev ious two chapters a r e u s ed in t h e present

chapter to o b t a i n an approximate s o l u t i o n f o r t h e case of a fi n i t e

i n s i d e c y l i n d e r .

180 Statement of t h e problem.

The me t a l l i c boundaries of t h e reg i on be ing considered

cons i s t o f two coa x i a l h a l f i n fi n i t e c i r c u l a r c y l i n d e r s o f vanish-.
i n g thickness, t h e o u t s i d e c y l i n d e r of r a d i u s b ex tend ing f r om

z ‐9 l a) to z = Oand t h e i n s i d e c y l i n d e r of r ad i us g_extending
. f r c m z ‐ 9 - a ) t o z = h (see F i g . 1h);

Figo 1h. The c o a x i a l s t ructure f o r a fi n i t e i n s i d e cy l inder»

A source is assumed to e x i s t in t h e coax i a l r e g i o n f o r z ‐9 ‐ a)

of t h e f o rm g i v en by (1.1) a n d (102). 'For a vacuum (o r a i r ) ;

i d e a l me t a l l i c boundaries, t ime harmonic fi e l d components, and
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a x i a l symmetry, flanne l l fi s equat ions reduce to (193), ( l . h ) and (105).

The boundary cond i t i ons in t h i s case a r e

Ez = o and QL =42~ n¢ a o f o r
( 0 2 6

67 a b3 z 5 O and (9 = a, z é h a (1801)

The r a d i a t i o n c o n d i t i o n (198) a l s o app l ies t o t h e present c a s e out~

s i d e t h e c y l i n d e r . In o r d e r f o r o n l y t h e TEM mode to be propagated
77’

b~sai n t h e c o a x i a l r e g i o n we r e q u i r e t h a t k < 3 and i n o r d e r f o r

no prepagat ion to o c c u r i n s i d e t h e i n s i d e c y l i n d e r we r e q u i r e con ‑

d i t i o n (10.6). Thus k is assumed to be chosen smal l enough to s a t i s ‑

f y b o t h conditions s imu l taneous ly.

l9n Approximate s o l u t i o n f o r h l a r g e .

The ' f o l l ow ing de r i va t i on o f an approximate so lu t i on uses

on ly simple phys i ca l not ionsa An approximate so l u t i on almost

i d e n t i c a l i n f o rm b u t n o t quite a s good'was de r i v ed b y a ted ious

a n a l y t i c a l procedure and se rved t o check t h e r e s u l t s o f t h i s s e c ‑

t i o na

Cons ide r t h e s o l u t i o n to be composed of two components,

n¢ = n¢° + H¢1 (1991)

where E¢° i s t h e fi e l d f o r t h e ease o f a n i n fi n i t e i n s i d e c y l i n d e r

and H¢; i s t he fi e l d sca t t e r ed f r o m t h e t e rm ina t ed end o f t h e i n r

s i d e c y l i n d e r and t h e r e f o r e corresponds in f o rm to t h e s ca t t e r e d

fi e l d f o r t h e case o f a s i n g l e h a l f i n fi n i t e cy l i nde ro This

l
l1
1
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approximation f rom t h e nature of t h e geometry should be b e s t for
6 small, 2 < h. For f a; a and z of t h e o r d e r of magni tude of

h , we assume H¢° may be ob ta ined f r om (9.11;) (which may n o t be pre~

c ise l ‘y co r rec t inasmuch as (9011;) was de r i ved unde r t h e assumption

t h a t ( 0 - ? 00), and w e ge t

c )7 l o g =2eikz
E¢° : : a ‐ w e - ‐ ‐ ‐ ‐ « - » - m w w a o (19.2)

2 1 22 fflflk)€0g ;
@‘kéz

Wenow r e l a t e t h i s fi e l d t o t h e i n c i d e n t fi e l d f o r t h e case o f a

s i n g l e h a l f i n fi n i t e c y l i n d e r a s g i v e n i n Chapter I I , equa t ion

(16.10), 1.6a,

6’ eik( Zfih)
2L+(k) (a (193 )

where a t r a n s l a t i o n o f t he z a x i s has been made» Matching these

fie l d s , (19.2) and (1903)} a t z = h , we have

A a l o g 1’» t e e mc aH a .. .5. = 2h 0 (19010
l o g M “( k )

keg

The asymptot ic f o rm of E¢1 f o r r ' ~39 00may be de r i ved f r om equa‑

t i o n (1692) by t h e method need in Sec t i o n 9 , t o y i e l d

° 9 i k l ”1 ~ o77_/\__J°(ka S i n e )e _
H¢ ~ 2L+(k cos 9 * ) r ’ s i n 8 ’ (19%;)

where the primes denote the coord inates chosen w i t h t h e o r i g i n a t
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z = h . For r and rY >> h , we t hen have

H N__cneikr 20(k‘b s i n 9)
Q N B r s i n e TTi

‘ 2
HO(1)(ka s i n 8)M+(k cos 9)

/\ £79053. s i n 9)
(19.6)

L+(k cos 9)

F o r 7T4 Gé 2 : , L+(k cos e ) may be rep laced by

k cos 9 lM (191:7)
L+(‐k cos e)

f rom (1&9) , This approximate solution, (19.6), g ives H¢ i n fi n i t e

f o r 9 = 0 and the re fo re f a i l s f o r t h e z ax is , s ince f r om symmetry

we know Ed) = O on t h e z axisa

ac Eacpressions f o r {RE} and 32.,
- ‐ ~ ‐ I _ m ‐ ~ “ h h m n v g h a h h ‑

To ob t a i n t h e r e fl e c t i o n coefficient t h e scat te red fi e l d

H¢1 g i v e n by (19.5) and (1907) is evaluated f o r (0 me a and z m) 0,

/ \ + i k h m ike ‘
3951 2: m? L (k)e e . (19,8)

2112 l o g @3532 (a

Assuming r e c i p r o c i t y f o r t h e r e fl e c t i o n a t z = 0 9 t h e r e fl e c t i o n c o ‑

e f fi c i e n t 3 1 f o r t h e problem o f t h e i n fi n i t e i n s i d e c y l i n d e r may b e

u sed here . Thus, i n s i d e t h e c oa x i a l r e g i o n f o r z «a? - = 0 0 , we have



’ ’ 7 7 " W ‐ W ’ fi ‐ ‐ , i f 7 ‘ 1

i
9

7149

H4) 2 . ; $6.. (eikZ+Rleaj-kz) + (1+Rl)H¢1 a {19°9)

Sub s t i t u t i n g chl a s g i ven b y (.1998) and A a s g iven b y (8°11) i n t o
' s

(1909) we ob t a i n

3.2 =Rl{l+(1+R )AZ} (19910)

Where R2 is an approximation of t h e a c t u a l r e fl e c t i o n coe f fi c i e n t .

Us ing (9.3) , we have

[Hgf = 1R1}[1+(‘1+]12112-2131{eos 231)}../\_]LL (19.11)

f 2(1+ [3112‘ ZiRlleos 2gi)%I./\.]2 cos ong

where

R S i l l 2 5 ‘04=21m +25(k ) _25(k) ‐ 13ml “mi-ALMA‐ .,(19.12)0 2 1 1~1R11 cos 261

The distance 82 is g i v e n by t h e phase of (19610), or

s i n d \keg = 1:81 4-% tend-J O (19.13)loos 0(O+ VIA§2<1+ 13112... 21313003 261%‑
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b, G a i n funct ion, 9 2 $ ) .
- ‐ - ‐ ‐ . ‐ _ ‐ ‐ ‐ ‐ - ‐ » w . ‐ _ ‐ _ ‐ .

To o b t a i n t h e g a i n f u n c t i e n reexpress e q u a t i o n (9011) by

l e t fi i n g
elkr

H¢° = 260(9)

and
1 e i : r

liq) = ‘ f1(‘9) 2.” o

wh ich g i ves

5 2(9) = 2771332 {’f0(612 + 11105012 (19.15)

- 2§f0(e)|lfl(e{ cos (arg f0(e) ~ a r g f1(e)):} .

The t o fi a l power radiated, Pkg? as obta ined f r o m (8.12), (9.5), and

(1999) is

r 33-h 2
P462 £1323: ( 'RZI ). (19.16)

N o t i n g t h e expressions f o r f0(@) and f1(e) as g i ven by (19.6), we

o b t a i n V

2 2231} X (e ) + Y (e)
= . m _ _ u _ u _ m m m _ m (19.17)

ZFV(1"132}2)Sin29 ~2x(e)Y(e)coscKl
é?2(e)

where
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X(9) = Z’(kb S i n 9) , (19.18)
7-;- IH0(1)(ka s i n €)HI.?'L(k cos 6)!

{AIJoUsa s i n e)
Y(9) = IL+(k c o s 9)] ’ (19:19)

and

d 1 = k h+ [ 3 2 m ‐ £20: c o s 9 ) ] ‐ [$1M - J10; cos 9 ) ]

J k a s i n 9+ tanfl ‐ 13£-‐‐‐‐‐-2 .. (19.20)
leo(lca s i n 0) ' .

I t is n o t poss ib le to no rma l i ze t h i s approxinmtion of the g a i n

f u n c t i o n s ince s i n 632(6) i s n o t i n t e g r a b l e f o r e - ) 0 ; a l t h o u t h

i t i s in tegrab le f o r G 9 ’ ” . I t may be r e a d i l y seen t h a t a l l o f

these q u a n t i t i e s reduce t o t h e case o f a n i n fi n i t e i n s i d e c y l i n d e r
1

l o g  h
when h -> 00 s ince A . ~ «9 0 .
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Chapter  IV

R e s u l t s

The mathematical r e s u l t s ob ta i ned in t h e p r e v i o u s chapters

were eva luated numer i ca l l y f o r c e r t a i n cho ices o f t h e parameters

invo lved. The numer i ca l r e s u l t s a long with a f e w approximate

fo rmu lae a r e c o n t a i n e d in t h e present‘chaptera H o s t of the graphs

have been drawn u s i n g some p o i n t s wh ich have been ob ta ined by some

process o f i n t e r p o l a t i o n a This was considered a necessary t i m e

saver, because of t h e complex i ty o f t h e express ions invo lvedo A l l

numbers w h i c h a r e p resen ted here are cons idered to have at most an

e r r o r in the l a s t p lace un less otherwise indicatedo

20. Procedure f o r ob ta in ing M+(k cos 9) a n d L+(k cos 9 ) .

The i n t e g r a l s w h i c h appear i n (6,22), (6023), ( lh . lh ) ,

a n d (lholS) f o r Z 9 = k cos 6 were eva luated n u m e r i c a l l y b y making

t h e s u b s t i t u t i o n

x = _;1;_ (2001)

wh ich changes t h e l i m i t s o f i n t e g r a t i o n f rom O a n d a ) t o O and 1

respec t ive ly ‘ , F o r t y p o i n t s in t h i s i n t e r v a l 0 to l w e r e u s e d e x ‑

cept i n t h e cases 9 = 86.9 20, a n d 050 where a n a d d i t i o n a l t e n t o

twenty p o i n t s were u s e d f o r y n e a r 0 ° A l l c a l c u l a t i o n s were done

u s i n g 8 dec ima l p laceso Th is techn ique is assumed to g i v e h

p l a c e accu racy. The s e r i e s in (6933); hence f o r t h des ignated as

31: was computed by an approximate fonnu la wh ich g ives an accuracy

o f abou t 3 s i g n i fi c a n t fi g u r e s e L e t
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b ( ) 2

61(3: , 1:03-53.) , e) = 2: fi lm)
n : 1

where

¥ _ . e

f ( n ) = E£E_mfilggim§ ‐ sin ‘ l G U S ' (20.2)
1 b 2n77’ (__~. X31 a . 2

‐ ‐ M ‐ - - - n S i n e

k(b-=a)

and

.‐ b b MJamar-'4; e) - Jo(+,; x11) New 3 o 3

then t h e approximate formula u s e d may be w w i t t e n

L"
) 1 ~3 3 »$1 25 Z f1(n) + "3 2 '9 f1(5) ‘ h f1(h) (20.3)

n=1 6 .

6
+ 305336316) -‐ 2°h3fl(h) 6(3)- 2; 31>

n:l n3

where €?(3) i s t h e Riemann zeta f u n c t i o n f o r t h e argument B a For~

mule (2003) may be der i ved by expanding f1(n) as g iven by (20.2)

in inve rse powers o f n a n d summing the l e a d i n g t e r m , o f l/hso The

valueel of S1 as g i v e n by (2003) a r e g i v e n in a supplementary

t a b l e at ehe end of t h i s chaptern

S i m i l a r l y the s e r i e s in (1&015), henceforth designated as
823 d e fi n e d b y

leo N. Mercuritz, ”fieve guide Handbook" (MeGraweflill Coo New York,
1951) Appendix, R e f , (10):,
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00
820%., e) = z f2(n)

n = l

where

k; G e efgm) : min-931”» sinfl OS (204)
1177 Kn 2

“ a n =‐sin3€ka

and

30(xn) = o ,

were evaluated approx imate ly b y :

e
82z z; f2(n) + $93 {zoe3f2(6) ,. ”3f2(5)}

n : l

7
+ {3763f2(6)‐ 53:26)} (94:3‐ 2. A}

11:1 11

ka cos 9 7 1+ ATV B C C B )mil =&(2)wn:l;§ .

This fo rmu la may be obta ined by expanding (ZOoh) in inve rse powers

of n a n d summing t h e terms in 1/112 a n d 1/113o The va lues of 52 as

g i v e n by (2005) a r e g i v e n in t h e supplementary t a b l e at t h e end of

t h i s chaptera

The numer i ca l r e s u l t s f o r 3?*(k cos 9) ; , 63(%: 0 0 3 Q),

IL+(k cos 9 ) ; , and. 52(k cos ) a r e l i s t e d i n Table I , i n c a s e they

may be of v a l u e f o r f u t u r e approximat ions of t h e ease of a fi n i t e

i n s i d e c y l i n d e r a A numer i ca l check o n t h e i n t e g r a t i o n s was a f f o r d e d

by t h e f e e t t h a t t h e r e is a r e l a t i o n between E+(keose) and L+(kcose)o



Table Io, Values+ of 1:3”?(13059‘) and. L+§keds€)o
e

_. li{b°‘°a) in [15+ EGGS-8}! glflzease) ELHECOSQH 82050039)
degrees

1325 o ' o 0&7238 o
630 a38537 03355

1920 ogufizh o?831
3000 009969 07605

'2aoo 0 083255 0 00 o
.12 1036692 oh261
615 967h77 02282 10293h9 oh527
030 961703 93553 100h835 #5020
Bus 086695 07185
960 95250h‘ 05b66V 077696 07785

.5 9525 QSLGS“ “777 o778h*
200 05251u °5h60* 977711 u7781*
890 952628 ofihho* 0779hh 07770*
1590 .529u5 ofihls 978573 07757
3050 05h280 05261 .81278 .7670
MSDO 0565h9 sh990 «SGOhO @7506
6000 959796 9&583 .93250 07237
7590 oeh051 0&017 1.03h70 .eszh
9000 569283 .3269 1°17hh1 96223
105.0 075358 .232u 1.°6109 95387
12000 Osgooh. 91179 1060757 oh278
13500 988836 .01u9 1°935h3 02871
15000 995511 01621 2°39§Lw 01136
16500 1002277 - 03197 3017060 ,1032
17200 19062h7 03967* aoasobh. o2330*
17850 1012331 0&761* 5°5071 ah02h*
179,5 1016M 05070* ?azo 0&937*
18000 1032019 OSLBS (D 07785

l a z o 0 038618 07923* ohsggs Gets?
05 03862 07923* obsoo 09h88*

200 038625 07921* 0&9011 o9h91*
8 , 0 9387§h 67912* au9170 09500*
15,0 039099 o?903 GDSGIhA 09511
3000 0&0601 07833 951571 09578
hSoo 5&3301 97688 ”58233 09675
6000 9&7505 o7h21 061322 09760
7500 OSBEAS 06955 071085 QQTLQ
9000 052195 05191 osshuh 09h92
10500 073h?6 0502? 1910017 08803
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Table Io Continued)

E 1:03‐21) :1: ' Ifiifikaos‘e): (5‘ (lrcose) IL+‘('k~o¢:8)i c9 (krho @)
a degrees - , E 1 0 "b x ’ 2 “aS
2.00 1020 12090 ”87333 @3388 lohb979 07516

13590 1002821 01261 1095183 OSShB
15000 1018226 _ 01205 2067hh6 02868
16500 1932228 a ohlso 3°867h m°0566
17200 1039102 m o55?6* hoguao $02588
17800 10h9089 - 96932*' 700293 ~¢503A
17905 loSSYM w 07h07* 10°06 masghY
18090 1°79h90 m 07923 a) «99087

2,h0 0 021122 09365 .22727**
05 0211 09367*
200 021125 99372*
890 921170 '0939h*
1500 021293 09019
3000 9218h0 .9595
0500 622897 09938
5090 ozusui 190515

, 7500 028725 101339
{ 9 0 , 0 036935 102110
‘ 10500 “SSShS 102082

12000 082799 100530
13500 1025871 07335
15090 1077110 02787
16500 202012 - 02677
17290 gal-L271}- "’ ugh-Zip):‑
178.0 ZDGHSS m 07897*
179.5 2.79 a 08668*
180a0 302816 m 09365 5

3.00 0 015639 07h86 =
3050, ’0 1011927 0

030 075306 £ 03820
1020 9&5888 08080
3.00 918380 07121

T The va l ues of iL+(1-:cose)l and 52(13303-9) a r e 1:134:66; f o r 1E= 2 . 00

i n o r de r f o r t h e 001mm headed k(b‐=a) t o b e i d e n fi i c a l “'00 k8. .

eemfierpolated fialues

“'Calcula’sed from (1‘4016), but ‘ is n o t app l i c ab l e to problems
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21. Results f o r t h e case o f a n i n fi n i t e i n s i d e c y l i n d e r .

‘ The numer ica l r e s u l t s f o r Chapter I f o r the phys ica l

quan t i t i e s o f i n t e r e s t a r e g i v en i n t h i s sect ion.

8 . . Output impedance, Gl/Yoo
‐ - ‐ ‐ ‐ . ‐ . ‐ - ‐ - _ ‐ ‐ ‐ . ‑

The output impedance,

1“.lRll... m , (21.1)G"l/Yo

g iven by equa t ion (9.1;) and (9.8), where

Yo=aT‐r%a
l o g '5:

i s p l o t t e d i n Graph I a s a f u n c t i o n o f k ( b - a ) f o r th ree choices

of 1.2-. Numerical values are g i ven in Table II f o r 72' = 0 0 .

A f u r t h e r check on t h e va lues o:E'7G1/Yo f o r the case :2- :2

was obtained by eva lua t i ng IM“(k)| using; t he fi r s t method, equat ion

(506). The ac tua l expression used was der ived by integrating by .
par ts to get

k ‘6? 2
IM+(k)[ - Vlog .5... exp - .33 [log k+ x - x (1:; 2

77 o Ino- <be

1 ‘35 (21.2)
x
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sub t racfi ing ou t t h e i n t e g r a b l e i n fi n i i z y a t x = 03 and f u r t h e r smooth ‑

i n g t h e infiegrémd b y s u b t r a c t i n g t h e asymp to t i c f o rm o f t he Hankel

f unc t i ons t o fi n a l l y ob t a i n

b l 1 1 V bHJT‘”(1<)] = x/log a; exp mk(b«=- a)[§~=~?m;fis l o g %k l o g a;

1 1 -1 2 2m l 1 7 4 - 1 : ;+7T Og( 1(a) an 77 0 pkg.)

1 ‘ 1 -1 2 2. - m 10 m tan m 10 m
77 g { lab) 77 g fikb

k(b=~a)
_ A l o g k(b§- a )+ x/E2(b= a123, x2
77-2 - X %(1)(bxm)2

o

2How (-23

21:0)» a.) 1a l o g ( V
3 ‘ 1 + - = ~1 ‘ 1eggA i m “ )2 flbx

a, 3 .3 fl .,. 3E \
h 2 2(bma.) 2 A ‘ x: a (2353/

.1
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The r e s u l t i n g nme r i c a l values o f Gl/Yo are a l s o l i s t e d i n Table

I I . The i n t e g r a t i o n i n (2103) was c a r r i e d out numer ica l l y b y choos‑

i n g 21:, t o 140 p o i n t s . S i x r a t h e r t h a n e i g h t places were used i n t h i s

computat ion.

An approximation f o r k l a r g e or k ( b - a) > 1 may be obtained by

cons ider ing [LI (k)| as g iven by (6.21;) and expanding the rad i ca l in

the in teg rand f o r ka and kb l a r g e to get

_ k(b-'-a)
II.Z+(k)! = (5%) %\’log-§- e4 2 (21.10

__.1_. _1_-_1_ °°x again + _ _ 1 _ _ ,><exp mrkz b2 9.21: t an {WIO(X)}dx 0((ka))4)

Using (1h.13) and (1b.,12) to evaluate P(0) and expanding the Hankel

f u n c t i o n f o r a l a r g e argument, we fi n d

1 l I .1 + Biak + O(m) (21.5)

1 W100!) _ . -2 xd x - l
” " 9 mf “g Koo) 1 e x x2+k2a2+°(?12§>1) °

0

Taking the absolute va l u e of (21.5) and l e t t i n g k -) 0 0 , we have

K (x) " "T‐1 o Ithan (fit-rig???)- dxa-i-z-g; (21.6)
0
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and subs t i t u t i ng t h i s r e s u l t i n t o (21.14), we ob ta in

a 16-k('b-8.) +._1.'.._ 3:.-.13 1 ,
[31‘ 4f; 1 2561:2(102 a2>+0(-(-k:§5> ’ (217)

or approximately

“‘11 ‘3 4/? eukCVa) .

2
F o r k ( b ‐ a) Q 03, (21.8) is accurate to about 3(% - I) p e r cent

2
and f o r k ( b ‐a ) s 1.2, (21.8) is accurate to about (-3- - 1) p e r

cent. The approximate expression f o r Gl/Yo corresponding to (21.8)

is

«(3-1 z t a r h k b=a + --1‐ l o g 2- ° (21.9)Yo 2 h. a

F o r k small, (2102) is considered; s ince t h e greatest c o n t r i ‑

b u t i o n i s n e a r I : = O , w e make t h e s u b s t i t u t i o n

z  l o g ‐
x x

and replace t h e Hankel f u n c t i o n byVits expression f o r a smal l a r g u ‑

ment. I n t e g r a t i n g w e o b t a i n
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g 41+"? Iogzpkb
IMI(k)§ - q/é: ‐~~ év- [l+-O(k2(b a)2 l o g 5(b a) ]

1-+-°~_ 10g2 flka

-717(log flka)tan”l é;- l o g 5;“) I (2310)

f o r k < l .

b. Disfiance s1,
. ‐ ‐ _ m ‐ ‐ m

The d i s tance 51 as g i ven by (6.25) i s p l o t t e d in Graph I I
sl

(b‐  a)
ha r e g iven in Table I I f o r : ‐ = 0 0 .

. b .as t h e r a t i o f o r t h r e e values of =‐-=. The numemcal values
8.

F a r 1:03-25.) l a r g e , k ( b - a ) > 1, we cons ide r t h e imaginary p a r t

o f (21,6) and make t h e subs t i fiu 'h i cn

"X a E” l _ ka; +. O x3 l
x2+ Ikzaz X \/X2 + 34:23.2 (ka)6J

to get}
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oo
%%1 ‘ l e g k a g ? I

0 X2” kZaZ '7

l 0 1 21,11‐_- .4. . o .

8 ka (k3,)? ( >

Then f rom equat ion (6.25) we fi n d

k b - a ‘ ZTTe
k s = 1 0 » ‐ - ‐ ‐ ~ ‐ u + P ~ k 2 1 , 1 21 7T g {J’k(b- 3.) al< ) ( )

f 0? k ( b ‘ a ) > 1 0

ca Gain funct ion , é?l(9)°
u _ m ~ _ m _ m ‐ ‐ w . ‑

The ga i n f u n c t i o n é;i(€) a s g i v e n b y (9917) i s p l o fi t e d i n

Graph I I I f o r t h e case i; = 2 and t h r ee choices of the frequency

k (b - a ) . The numer i ca l r e s u l t s a r e g i ven in Table I I I f o r 3L = 0 0 .
‘ a

Fram (6,22) we may ob t a i n fihe approximat ion

2 3:
l + ’ ~m - l o g , , W77“ k b e

125+(k cos 9)} z _...... h ‘32.”, EIE+<k>§ (21413}
1+‘-‐: 1g2
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f o r 8 we 00 Subst i tufiing t h i s r e s u l t i n t o (9517)]a we fi n d

91(9) :2:

(21.1h)3 2 2 h 2 2 -% h 2 2 -lH . _ i 1 W g - " 1 + m 1 2
(1 IR“ )9 ( "5,7210“ pk‘be) 772 { ’g Fame)

f o r e ‐9 0 . S i m i l a r l y f o r e e977“; w e fi n d

1
)4 2 2 z

1E21+(1c cos 9 2: W2 filibUTme) l o g a,
1+-~£F logz , Z ‘iM%(k)l772 pkaUT-e)

s o  t h a t

93w 3
R 2 10 -E

I l] g a (21‘15)Z

77 (1-131! )(W‘9>(1Jrfi‘7§1°g2fikb(fl9))?(%210g;1<aW‘9)) .

f o r e .9773

22. R e s u l t s f o r t h e case o f a fi n i t e i n s i d e cy l i nde ro

Since t h e numer ica l r e s u l t s f o r t h i s prob lem a r e obta ined

f rom an approximate solution; a p r o p e r evaluation w i l l depend upon

agreement w i t h experiment»
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‐ ‐ « u ‐ ~ - ‐ ‐ ‐ ‐ s ‐ . ‐ . ~ ‐ ~

The output impedance as g i v e n by (19011) a n d (2101), iRg-I

r e p l a c i n g {R1} i s p l o t t e d i n Graph I V a s a f u n c t i o n o f he. f o r t h r e e
hchoices of "the parameter «2‐; f o r 3‐- = 10, in Graph V as a funcfi ion

- hof he f o r t h r e e cho ices of Jshe parameter a: f o r E}- = 23 and in Graph

VI as a f u n c t i o n of ii;- f o r i f = 2 a n d k('b~‐a) = 1.2.; Numerical

valfies a r e g iven in Table II f o r ‐;h~ 7! 0 0 °

The procedure u s e d in S e c t i o n 21 to o b t a i n an approx imat ion

f o r IMHk)! f o r k > 1 may a l s o be u s e d h e r e f o r [L+(k){ to g i ve

% _ak ‘ ?
L+ (k ) : : 45L , e 77 1 + 1.«w~ (22.1) :

l e t flzaafl , i
1

or s imp ly ‘

17 2; ak

1f(k0 :5 LE: ' ém§~ ahak

S u b s t i t u t e (22.2) and t h e fi r s t p a r t o f (Zion) i n t o (19.h), w e

o b t a i n

_ k(Za‐b) v
' (22.3)

Neg lec t i ng “the squared “terms o f {Elf and {A42 in (19.11),

w e  o b t a i n
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I

b/ r‐f l o g a ‑
. [a _, .3 a] ~ 23. m ,ERzi x ‘63 e k<b a.) + W? e 3.1:.» COS 0(0 0 (22gb)

15,1321: loge
fl hag

The phase ang le 0(0 w h i c h i s g i v e n b y (19012) cannot b e c o n v e n i e n t l y

s i m p l i fi e d a The express ion (220M) g i v e s 3122} a s 1R1; p l u s a

c o r r e c t i o n t e r m wh i ch c l e a r l y goes t o z e r o a s h m ) c o.

b. Distance 32 o
S

The d i s t a n c e 32, a s g i v e n b y (19013) i s p l o t t e d a s ( b )
-- a

in Graph V I I as a f u n c t i o n of ka f o r th ree choices of t h e parameter

l)- f o r a " = 1 0 i n Graph V I I I a s a f u n c t i o n o f h a f o r th ree choices
a
of t h e parameter =3» f o r ~E= = 2, a n d in Graph IX as a f u n c t i o n of $‑

b .f o r '5.” = 2 a n d 1:("b-= a ) = 192,, I ‘ a n e r i o a l values a r e a l s o g i v e n i n

Table I I f o r a? 7/ 0 0 .

A s i n S e c t i o n 21b, w e fi n d , u s i n g e q u a t i o n (1)4917) t h a t

.. 11’ ha 2 W, a, 1 , 1gzflc) .- 8 10f" (Bl/ca + 82(k) 32ka T 0 ((15502 (2205)

f o r he > lo Expanding t h e aretangent in (19,13), we o b t a i n

keg r: ksl +é‐IAIE (1:- 11-21! cos 281) s i n do (2206)

fo r  ka  >  I .

a t p r e s s i o n (22.6) g ives 1:32 a s 1:31 p l u s a c o r r e c t i o n t e r m w h i c h b e ‑

comes Z e r o f o r h -=> 00
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c . Ga in f u n c t i o n 492(e)o

T i e g a i n f u n c t i o n (92(9) i s plo‘bted i n Graph X a s a f u n c ‑

t i o n of 8 f o r «E» = 2 a n d A: = 10 f o r two choices of film parameter

I,k(b‐a); and in Graph XI asa f u n c t i o n of e f o r 3%= 2,3 and

1{(b‐ a ) : l 2 f o r ‘Efl’lree cho ices of t h e oarameter git, The numeri‐v

c a l v a l u e s a r e a l s o g i v e n i n Table l i l o

F o r 6 w ? 0 , w e l e t

iL+(k cos 9)} '21 I‘Lfik)! a (22.7)

Then f r o m (19019) a n d (19.5),

blog a“
Y(e) :: “h 3 (22.8)

l o g ‘1 9lIEMk)!
@1282

a n d neglect ing; 172(9), we cotain

» R .32(9)::12Hgfl9 (22.9)1‐13213

f o r 6 é G where (91(9) is g iven by (210114)o From symneiiry we Imow

t h e fi ”Che fi e l d . must be zero aloagg t h e 2 arms; so t h a t approximation

(2209) may not: be adequate» If as in S e c t i o n 19 we cons ider ad)

to be g iven b y :



92.

b
. 0 l o g . ‐ . + 1 - .

11¢ = .. ~ 2h)? 8. elkr cos 9 __ + L (1. elkr (22.1))
2 l e g 22:" 1)r s i n 9 L (1» oos e)

(“8-2

f o r t h e r e g i o n o f t h e z ax is , 2 2:, h , w e fi n d t h a t

bh2 log 5
«92(9) ‘3 2 L 1 1 (22.11)

pka.87 (1 ‐ 11215105‑

f o r 9 d O , w h i c h seems t o b e a b e t t e r r e s u l t q u a l i t a t i v e l y . Con‑

s i d e r i n g t h e d e fi n i t i o n o f L+(& ) /L"(¢) and (13.5), W e fi n d

71 +h 2 22(17751‘3g 51307‐9)
!L+(1:)i

[L+(k cos 9; 2: (22.12)

f o r 9 - ‐ ) 7 T. S u b s t i t u t i n g (22.12) i n t o (19.17) w e o b t a i n

1
4:

_b._ , h 2.11.11”)b l o g L+(1.)1+7T‐-‐2-10g @ ( 7 7 2 9 ) cos 0(1

3 _ o h o 2 _ 27 7 ( 1 1P2mpg;(77518;fiwa‐ebw e>
(22.13)

f o r e - - ) 77’where (21.15) is used f o r C91(9). This approximation



should be adequate for“ “11:; largeo

F0? 9 = 90°, C9109) and 92(9) may be expressed more s imp ly

b y n o ti n g t h a t

F.0(l)(kb)
2M0) = Zo(kb)

Ho<1)(k9~)

and

m o ) = ”fa-Z Jo<ka>ao(1)<ka>

from equat ions (6022) and (114.18).
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Ta b l e - I I . values o f 0/10 and s
(b-  a)

b h s
E '5 193‘ G/Yo 19‐35

l : § § ( n O 0 m
1.200 .20081 1.1185
11.800 .575110 .6526

12.000 .91h73 .2535
10.0 0 0 00

1.200 .20115 1.1185
2.00 00 0 o a:

.025 .1096h*

.120 .188u3*

.150 .20709 1.5215

.300 .29093 1.1877
.2909L*

.600 .h3092 .9111
.h309

1.200 .6h598 .6603
.6h590*

2.h00 .87905 .3902
3.000 .93183 .2h95

.9318u*
15.0 1.200 .63638 .6115
1h.5 .67h3h .6296
1h.0 .67h68 .6911
13.5 .63606 .7089
13.0 .61002 .667h
12.5 .62532 .6160
12.0 .6692h .612h
11.5 .68555 .6807

£114. 10.0 .66511
11.0 .6h5h8 .7211
10.5 .60617 .6836
10.0 0. o 00

.15 .22930 1.5682

.30 .26030 1.1h97

.60 .3926? .8705
1.20 .62005 .6081

9.5 .67326 .5998
9 . 0 .69571 .6852

‐ 27111 +10. .669u3
8. .6h528 .7372

.*Values obtained by us ing t h e fi r s t method, equation (21.3).

9h.



Table I I . Confiinueda

b h s
2; '5." ka G/Ye m

zgoo 800 1020 “59526 .6905
705 060001 06092
750 06633h “5670
605 972001 06611
690 .66396 07722
505 .5800? a727h
5.0 O O 00

,15 919918 7,7381
930‘ 93h250 102291
060 036001 ,8813

. 1920 056118 .6125
h,5 063519 05030
boo 077963 95695
305 07067? 09095
300 050507 ,8385
205 . 037967 06207

3050 00 O O 00
.12 @3767? 1¢2733
one 071220 96733
1°20 6907h9 .237u

10 0 0 00
012 .h0818. 105713
aha 086137. 07650
1020 .8h7hh 00180

95.



Table I I I . values of 077.5k8) f o r £0 = 2 .

9 k(b'a)= 0-6 1.2 2.0 0.6
in _h. = 00 00 00 10
degrees a _

0 oo 00 00 co
2 70.852 89.852 120.39 17.22
8 9.3068 12.3285 18.830 .6718
15 3.8638 5.3020 8.0728 .5875
30 1.5255 2.0308 2.5232 .5285
05 .89016 1.06021 .89371 .0380
80 .60838 .82125 .31080 .3587
75 .05073 .39273 .11789 .2901
90 .37023 .27150 .050163 .2058
105 .32851 .20935 .033926 .2132
120 .32202 .18382 .028307 .1989
135 .36069 .18870 .029573 .2007
150 .09273 .23998 .038368 .2035
165 1.03535 .06359 .072869 .0032
172 2.2830 .95637 .10326 .8975
178 16.315 8.0307 .79251 5.898
180 00 oo 00 00

9 k('b-8.) = 102 102 102 102
. h 77’ 17
:Ln - - = 10 10+‐--- 10+ 10‑
degrees 9. L“? m %%

0 00 oo co m
2 38.01 552.6 268.7 396.0
8 .3082 08.95 28.07 25.36
15 .5722 16.67 11.60 6.700
30 .8095 0.693 0.302 1.275
05 .6777 1.976 2.199 .0023
60 .0896 .9906 1.229 .2203
75 .352 .5B9 .7m1 .u53
~90 .2300 .3860 .0919 .10965
105 .1606 .3005 .3602 .0952?

- 120 .1260 .2817 .3007 .09809
135 .1081 .3083 .2919 .12362
150 .1122 .0158 .3351 .1989
165 .1836 .8390 .5613 .0888
172 .3592 1.760 1.0682 1.1275
178 2.105 11.00 6.197 7.971
180 00 oo oo 00

96.
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Supplemenfiary Tab l e . Values*of 81 and $2 a

b _e
-; k(b ‐a) in - . ~31 ~82

degrees

1.25 0 0 0
.30 .0002927
1.20 , .0123?
3.00 .3h99

2.00 o 0 0
.12 .01829
.15 .0003659 .02288
.30 .0008661 .OMGOB
.ha .O7h58
.60 .00281h .09232

15 .002902 .091h9
30 .003060 .0829?
hS .003012 .06882
50 .002297 .ohehh
75 .001232 .02589
90 0 0

1.20 0 .01h80 .2087
15 .01583 .2019
30 .01aoh .1920
MS .01916 .1567
60 .01682 .1255
75 .00990 .06803 .

1 90 0 0
i:2.h0 o .1293h
’ 15 .13972

30 .16h88
25 .18715
60 .17952
75 .11603
90 0

3.00 o .367h
3.50 0 0

.30 - .002358
1.20 .0211?
31m. .MJM

'X'I-[g may be noted tha‘bslcg) a ‘ 31(Tfme) and 82(6) =

'SZCTW‘Q) .



(1)

(2)

(3)

(LL)

(5)

(6 )

(7)

(8)

(9)

(10)

J‘.

H.

109.

B ib l i og raphy

A. Sfirat ton, “Electromagnefiie Theoryg“ (McGraweHill, New
Y u k , l M fl L  - '
Lev ine and Ja Schwinger, Phys i ca l Reviewelé (19h8).

C , Titchmarsh, " I n t r o d u c t i o n t o t h e Theery o f F o u r i e r
In tegra ls , ” (Oxford Univers i ty Press, London, 1937).

T. Whitaker and G. N} Netson, ”A Course of Modern Analysis"
(Am. Eda, Naomi l lan Co.5 New Yer, 19N8)o

R . Symthe, ” S t a t i c and Dynamic E l e c t r i c i t y, " (McGrEWbHill
Co. , New York, 1939)o

N. Wetson, "Treat ise on t h e Theory of B e s s e l Functions,”
(Cambridge Press, Necmi l lan 00., New York, 19h8).

E. Spencer, Journal of Appl ied Physics, A p r i l , 1951, p. 386.

L . Ince, "Ord inary D i f f e r e n t i a l Equafiions,“ (Dover, New
York) p. 1169

Jahnke and F0 Enrde, “Tables of Functions w i t h Formula and
Curves," (Dover Publ icat ions, New York, 19MB).

Marcuvi tz, “waveguide Handbook,” (MoGraw H i l l , New York,
1951), p9 208‐213.



‘110.

Append ix

A . D e r i v a t i o n o f t h e d i f f e r e n t i a l equations1
F o r r a t i o n a l i z e d I L L S . u n i t s and t ime harmonic s o l u t i o n s i n

a vacuum ( o r a i r ) bounded by i d e a l metals, Mamvell's equations2 r e ‑

duce to

. . a an
VX3:ik&H, V ' H a o ' (A . l )

’ -+ ' -4VXE=ikVE, V 0 E = 0 (A.2)

s u b j e c t t o t h e boundary c o n d i t i o n s

‐)

RJ{E==O

Rafiao
where the symbols have t h e i r conventional meaning. F o r a set of

d i f f e r e n t i a l equations su i tab le f o r c y l i n d r i c a l coordinates, con ‑

s i d e r t h e f o l l o w i n g procedure . Tak ing t h e c u r l o f (A.2) and sub‑

s t i t u t i n g ; t h e r e s u l t i n t o (A.1), w e o b t a i n

' ‘ a av x v x E- k2E= o .

Encamining t h e z component, we have

(V2 + k2) E2 = o a (A.3)

F o r c i r c u l a r c y l i n d r i c a l coordinates where E Z i s a x i a l l y symmetric,

i . e . , n o t a f u n c t i o n o f t h e ang le fl , (A.3) becomes

1D. E. Spencer, Journal of App l ied Physics, A p r i l , 1951, p. 386,
g ives a more d e t a i l e d ana lys is of t h e separat ion of fi e l d v a r i a ‑
bles, Ref . (7 ) .

ZStratton, op. c i t . , p. 23, Ref . ( 1 ) .
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(A.LL)

The transverse components of equation (A.1) may ‘be obtained as

fo l l ows : ‘

32 x vt + 32 5’3) x (it + Ez'e’z) = M22 x (E; + Hzez)
L

which reduces to

( ' 9 .a I
.715 = v t h - 11:53,, XTi: (A5 )

where t h e subscr ip t t r e f e r s to t h e transverse components and 32

is a.u n i t vec tor along t h e z ax i s . Similarly

a .
711E a vtI‘Iz + ikvgz Xa a (A'G)

Z

D i f f e r e n t i a t i n g (A5) w i t h resPeet t o z and s u b s t i t u t i n g t h e va l u e
a

of g iven by (A.6), we obta in

2 ‘ é’E ‘ VL. + "fit a Vt 3‐5 + ikavt x (3Z3?) . ( A 3 )
5’22 z

Cons ider ing t he 6 component and t h e ease o f a x i a l symmetry, (AX?)

becomes
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22 2232.azg+k2 E€=H~=~E . (A.8)

9f
S im i l a r l y

2 .9 V t 3H(ZZZ + k2 H't =9'1 115797.}: X (ngz) + V-b '3'; 0 (A09)

Cons i d e r i n g t h e ¢ component and t h e case o f aXial symmetry, (A.9)

becames

£2+k2H¢=ik -‐-3z. (L10)
<92 5’(

Equat ions (A.h), (A08), and (A.10) a r e t he des i red se t of equat ions.

A s im i l a r procedure is v e r y u s e f u l in t he more genera l problem

where sources a r e i nc l uded .

The d i f f e r e n t i a l equat ion f o r E?“

' 2 1 7(9 u E;E + k;>H¢’= O

or f o r the ease of axia l rsymmetry

1 21.3 a ' 2 ‘E?@EE>~F+‐é§+kz Hf j =0 ’ ($ .11)

is de r i ved in_Stratton3 by cons ide r i ng t h e e l e c t r i c t ype Her tz
‘ ‐->

po la r i za t i on potentia15'TT .

3Ibid., pp» Bug‐5'0, Re f . ( 1 ) .
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B. Der ivat ion of t he Green’s f u n c t i o n transform, 2 ’ (&)
The Green's f u n c t i o n o f i n t e r e s t i s a so l u t i o n o f t h e d i f f e r ‑

e n t i a l equat ion
~22

i i ‐ + ‐ ‐ + 2 ' z z ' = - _ ’ z - z ' .“ ’ 6 650°C az kK<€,€,, > 4%?)61 ) , ( B 1 )

sa t i s f y i n g t h e boundary c ond i t i o n

K(a’ 6" Z, 2 ' ) = 0 (B02)

and t h e r ad i a t i on cond i t i o n f o r ? ‐ ) co, 6 > a ,

eikili?! {
«W o (3.3)

Mu l t i p l y i n g equat ion (B. l ) b y 6‐itz and i n t e g r a t i n g f r om z = - co

t o z : + 0 0 , we get

CD
l 2 . .2. +52.- 2 eiCz' ' z z'e‐iz'zz(036(69'76) 1 a [“6163 : ) d

+ 9152' 6‘31"z (ii-:4- 13419 :iz=+m = - 3114:1311) , (BA)
Z = " ‘ 0 3

The b racke t t ed team vanishes i f k i s assumed to have an a r b i t r a r ‑

i l y smal l imaginary p a r t 0Candllmél < o ( . From t h e d i f f e r e n ‑

t i a l equat ion (13.1) and the symmetry condition, K(€, 6’, z, z ' ) =
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K( 6'36, 2 ' , 2), we may deduce “that

K<€SC¥3 Z: Z?)=K(€9 6’3 Z ‘Z? ) 0

Then t h e Green’s f uncfi i on transform,

oo ‘

2/(6: 6’: 5») =f K((99 (9’: 2‘2')e‘la(Z-Zt)d(z‘z’) 9 (3.5)
. ~ 0 0 ,

i s defined f o r {I'm (1,] < oé. The d i f f e r e n t i a l equa t i on becomes

1 a .. I '____((o..§. +k2‐Q2 W(€,€e,g)=mi§@‐F€J.(B.m

The homogeneous equat ion , f o r 6 7K 6?, may be solved, s a t i s f y i n g

"the boundary conditionfifla, 63¢) = o, y i e l d i n g

245, f) , 4 ) = dHJ1><yf7>zo<y €<> ' (3.7)

where

20W (0() = 721{J0(Xa)NO(X (a ) -=NoWaNQQ/fi )} (1-3.8)

where Ho“) i s {she zero o r d e r Henkel fimefi i o n o f “the fi r s t k i nd ;

J o and No a r e t h e Bessel f u n c t i o n s o f zero o r de r and of’the fi r s t

and second k i n d r e spec t i v e l y ; Y = VICE ~=£22; 6 ) r e f e r s t o which‑
e ve r is l a r g e r (0 or 6?, €< r e f e r s to whichever is sma l l e r (0 or

(0‘; and o is as ye’c an undetermined oanietarrhE,LL This p a r t i c u l a r

14E. L. Inca , "Ordinaxy'Differential Eqfia'bions,“ (Dover, New York)
p. 1163 Refs ( 8 ) .
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choice o f c y l i n d e r f u n c t i o n s has been made i n o r d e r t o preserve

t h e sense o f an ou tgo ing waveo To fi n d . of, equa t i on (2306) i s mul t iv ‑

p l i e d b y 6 and i n t e g r a t e d f r om 6 ' a O t o 6 " + O , t o g i v e

€*+O
2/

(”5'5" ev-o

Making use of t h e va lues of t h e Vironskian f o r two l i n e a r l y i n d e ‑

pendent so l u t i ons to Besse l ' s equation,5 wefi n d

(3= l/HO(1)<X&) .

Then

f zoqfl) , (13.9)

The genera l behav io r ofjs/(b, b , g ) F i fi / ( g ) in t h e Q p lane is

i l l u s t r a t e d i n Fig.15., The asymptot ic b e h a v i o r o f 7716,.) f o r

134} w ? 0 0 i s f ound b y s u b s t i t u t i n g t h e asymptotic f o rms o f t h e

Bessel f unc t i ons i n (B09) wh i ch g ives

7((&)25-2;;b (GZiflbu-a) _ 1)

Thus fi / ( a ) is bounded in t h e second and f o u r t h quadrants b u t b e ‑

comes i n fi n i t e in t h e fi r s t a n d t h i r d quadrants f o r [ £1 .3 . ) oo

E. Jahnlce and F.Ehnde,“1’ables of Functions w i t h Fomula. and
Curves," (Dover Publications: New York, who), pa 1M4, Re f . ( 9 ) ,
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and [71> 04; W
' 1-900
‘ zeros of 37/ 19‘)“

phase of Y
-ZIT

+1; \L 2'

M______>-__,_.__.-___Z:._>fl__-,w-~_ a
+1.: ' p a t h f o r “the inve rse
Z‘L t rans foxm

424 -k
phase ofb’ :

’ z e r o s o f 97/
tm‐m »

F i g . 15. The behav io r o f fi r m ) in the cu t a p lane .

The v a l u e 0197(4) at “the b ranch p o i n t s is f o u n d by substitu‘bing

t h e va lues o f t h e Bessel f u n c t i o n s f o r X --=> 0 i n (B69),

1 2 1 l o g 2
” - ‐ m 237113:): 1.1m T I M - 2 : 1 2 uni‐19g

3"”0 2 1‐E-i-logm 7T (31(1)
@‘X‘a

= 1 o g m+ 2

53”“
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where l o g 6 = 0.5772157 on is Eu l e r ' s constant. It may be shown6

t h a t Ho(1)(x) has no zeros f o r -775 a r g x é e r h i e h is l a r g e r

than o u r r e g i o n o f i n t e r e s t ; t h e r e f o r e3% 2;.) has n o po l es i n t h e

fi n i t e a , p lane . The f a c t o r 201$b ) gives 77’( a ) a n i n fi n i t y o f

zeros on t h e imaginary 6; a x i s f o r I)? I > 01.

6Watson, op. c i t . , p. 511. Consider K(x) =T‐g‐i H0(l>(ix), Ref. ( 6 ) .
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C . P r o o f t h a t 9 ( 9 ) i s p rope r l y n o m a l i z e d

T h i s p r o o f was g i v e n by Haro ld Levine in 9. p r i v a t e communica‑

t i o n to u s . Consider t h e i n t e g r a l

[ W T dc: (0.1)
512*-<t7>:’3<3:~‐ no0

§

where t h e i n t e g r a t i o n contour o is shovm in Fig.16(closed by a c i r ‑

c l e a t i n fi n i t y ) .

Eem 62
A < " C

C I> V \D
11i

e-Tri -1: 6‐? +1:

363193.16. The i n t e g r a t i o n contour f o r ((7.1) showing t h e

/ 2  ( ' 2 .phases  o f  wk  -

Since the contour inc loses n o s i n g u l a r i t i e s , w e have, u s i n g

(3014),

l o g ~2- l o g g :
o - 277i ‐ A 27Ti

2k]T "'HZ 31,»!-;+ 1:)?“

kno<1><>rb> Eo<1><emybf 2mm a4
I. 1:(1)(){a\ 30(1)(e"iXa) zz+<a>12<1<2-t»2>
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”k mm

2 :2 WZLLQWdLZ,(C,2)
'M ' I #

~ 0 0 be l ow out ~11: above ou t 2111+(&)22(k7- 52)

Sub s t i t u t i n g i n t h e e x p l i c i t expressions f o r j fl é ) and 2E.€+(é ) 2

and u s i n g the r e l a t i o n

01X

rr 3:)
. 771'. 00 3: t a n ”i f ? “>

H (1 ‘ Q‘?XYa exp if V i Q A
0 77 1/352 + 152212 2:131:12 + 1:25:12Ca - i E :2

0

dx

(X)
TT1 00 3: AT”:- 0

( l ) 12...?“ , 1 +111 (filoix/= - Ho e 9. exp 7‐? 3:2
+ 1:23:12[1/x2 + 1:2a2+ Q a + :16 :2

f o r 6 -‐> O , and s i m i l a r l y f o r b , i t may b e shown t h a t t h e l a s t

two i n t e g r a l s i n (002) cancel: 1 . e03 7((Z?)/;Z2215)}2 does n o t

change a c r o s s t h e cu t . Changing t h e v a r i a b l e o f i n t eg r a t i o n ,

5 , : 1 : cos 9, equat ion (002) becomes

- 1
O = 21; 1 , + 2312k 231,

”17’ .
i A Z02(kb s i n 9) s i n e.2. fi t ‑k TT 5}HO(1)(1:a 5311 8)2”'”3317+_+(1: c o s 8:)2‘“ $135129

wh ich ohecl{Sw i t h 9.18) when (9.17) is used f o r 31(8).
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D . D e r i v a t i o n o f t h e f r e e space Green’s f u r i c t i o n transform,

( > )

The f r e e S p a c e Green’s f u n c t i o n i s

. _ 9 i 1
(3(1": I??) = , ~ 3 ( D e l )

1

w h i c h s a t i s fi e s

(v2 +'k2‘)G(?, $2) a _.SH?‐ “2%) (33.2)

F o r t h e present c a s e of a x i a l syrmetry (D02) becomes

32‘ i i . “in. + .+1{2 1‘ 2 - 2 :(”66096 9 GW» ->
a” 5(Z”Z')§(émé') (D03)

H u l t i l y i n g (D.3 b y emigz a n d i n t e g r a t i n g w i t h r e s p e c t t o z f r o mP _

~ 0 0 t o + 0 0 , w e get

00 .

1 3 5 ,2 J‘ ' wiCz ,.... ..._.... m + L Ge dz: (D914)536(Us) is
CO . oo. 2 .+I emlgz $2 dza‐fléé-L-F-flf §‘(z‐z')emlz’Z dz.

Z
woo" C O

The second i n t e g r a l o n t h e l e f t o f {Dolly} may b e i n t e g r a t e d b y par ts

t o  y i e l d
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CO2,7.) C . Z = + 0 : ) 0
g m : + 1&G ewlgz ... C2 Ge‐alm dz
3 z z : _ _ 0 : )

- o o

‘ The b r a c k e t t e d fiem i s zero p r o v ioed 1Iméi < 04 where k = p + ioC.‘

D e fi n i n g the F o u r i e r " t r ans fom

05)

f (37(69 6', zmz?)e'“i€"‘z dz
” C O '

fi<€a€5¢>

CC”

V, I G( 3 1; Z“23)G“ iQ<25w“Z ){1<Zmzx) ’
gm 6 ‘0

e qua t ion (DOLL) becomes

2 1 “”5. . , r o
«13.3% (oi‐)X flp f sa ‐ mini‐Fe-lwa)

where 3/ = \V/kZ-e $20 So l v i ng t h e homogeneous equat ion,
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where t h e Bessel f u n c t i o n s have been chosen t o preserve t h e sense
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Using t h e v a l u e of the Wronskian of two l i n e a r l y independent s o l u ‑

t i o n s o f ' Bessel 's equation7, we fi n d 0 = 12E . Thus

xé((; .(a< , 5 ) =1? Jowranoflwfn . (v.8)

F i g . 5 in Appendix A shows t h e cut C -p1ane and how t h e phase of

, Y is chosen.
I n p a r t i c u l a r w e a r e i n t e r e s t e d infifi, a,@) E/é(&). The

asymptotic behav ior i s found b y s u b s t i t u t i n g i n the asymptotic

fo rm of t h e Bessel Functions.
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F o r C, approaching t h e branch p o i n t s we have
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where l o g fl = 05772 NW is Euler ’s constant, obtained by c o n s i d e r ‑

i n g the Bessel func t i ons f o r a sma l l argument. Thusfi(&) has a

loga r i t hm ic s i n g u l a r i t y a t t h e branch p o i n t s . fi h fi ) has zeros a t

an a 3'. iv an-kz Where J0(Xna) = O.


